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Abstract—This report presents and investigates the problem of
optimal subsampling given the sparsity and measurement bases
in a compressive sensing setting. Starting with the restricted
isometry property which is known to be a strong condition, we
describe the coherence barrier and explain how this barrier is
broken with variable density subsampling. For this approach
we also present and interpret a recently proven theoretical
guarantee. We then describe a deterministic sample selection
technique using partial Hadamard matrices. Finally as a blend
of some discussed approaches, we discuss a block diagonal
measurement matrix design before giving a research proposal.

Index Terms—compressive sensing, variable density sampling,
RIP, deterministic sampling, measurement matrix design

I. INTRODUCTION

COMPRESSIVE sensing has been a breakthrough in in-
formation acquisition in the past decade. Instead of first

acquiring a signal and compressing it, this technique proposes
to make a few projections onto a lower dimensional space.
Using some prior about the signal, e.g. sparsity, the signal can
then be reconstructed with high probability and with small
or zero error. The advantage of compressive sensing is that
when the measurements are expensive as in the case of medical
imaging, this technique can greatly help in reducing number
of necessary samples.
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A. Problem Model

Let x = Ψα be a N × 1 vector that is s-sparse in an or-
thonormal basis Ψ = [ψ1,ψ2, ...ψN ] with a sparse coefficient
vector α. Denoting the m × N subsampling operator as P ,
the measurement basis as Φ = [φ1,φ2, ....φN ], the m × N
measurement matrix as A = PΦ∗ and the orthogonal operator
U = Φ∗Ψ, we obtain the m×N measurement vector y

y = Ax = PΦ∗x = PΦ∗Ψα = PUα (1)

by projecting the vector x onto the rowspace of A.
There are various algorithms to recover x from y. In this

write-up we will consider `1 norm minimization which sub-
stitutes `0 norm minimization which is not tractable. However
the matrix A cannot be arbitrary and it needs to satisfy certain
properties.

B. Restricted Isometry Property

Among others, a common approach to asses a measurement
matrix A is so-called restricted isometry property (RIP) which
is defined as follows. A matrix A has RIP-s property with RIP
constant δs if

(1− δs)‖x‖22 ≤ ‖Ax‖22 ≤ (1 + δs)‖x‖22 (2)

for all s-sparse vectors x. Similar to Johnson-Lindenstrauss
Lemma (JL) which states that we can reduce the dimen-
sionality of a group of vectors by preserving the pairwise
distances using a Lipschitz mapping, RIP property requires
a dimensionality reducing linear embedding to preserve the
norms of all s sparse vectors. Once we have this property for
the matrix AΨ, we can solve the basis pursuit

α̂ = arg min
AΨβ=y

‖β‖1

and find an estimation of x as x̂ = Ψα̂. The error guarantees
are given in terms of the RIP constant. For example, a recent
result states that if AΨ has RIP-2s with δ2s < 4/

√
41 then

we have the following error guarantee:

‖x̂− x‖2 ≤
Cσs(x)`1√

s
(3)

where C is a constant that depends on only δ2s and σs(x) is
`1 error of the best s-term approximation of x in the basis
Ψ [1]. Since we assume that x is s-sparse in this basis, we
have unique recovery. There are different algorithms and given
the RIP constant and a desired error bound, we can choose a
proper algorithm.

Certain classes of measurement matrices are known to
satisfy RIP property. In Section II-A we are going to present
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a simple proof that Gaussian matrices satisfy this property
with high probability when m = O(s log(N/s)) [2]. In cases
where a signal is not sparse in canonical basis, but sparse in
e.g. wavelet basis, Gaussian matrices with this basis will still
satisfy RIP property. This is called universality.

In many practical applications, we don’t have the possibility
to choose the matrix, the measurements are dictated by the
physical structure of the device, e.g. in MRI, it is Fourier
transform. In a discretized model, Φ is therefore the FFT
matrix and signals are sparse in a wavelet basis Ψ. In these
situations the matrix P needs to sample at least

m = O(s log4(N)) (4)

elements of the orthogonal matrix U for RIP to hold w.h.p.
[3].

C. Coherence

Although RIP has been a practical tool and a strong ma-
chinery to prove many results in compressive sensing (CS),
it is known to be a strong condition for unique recovery.
Moreover it is not always simple to verify the RIP property
of a given matrix. A so-called RIPless theory of compressive
sensing based on the coherence of a matrix constitutes a major
alternative to RIP [4]. For a matrix U , the coherence µ(U) is
defined as

µ(U) = max
i,j
|Uij |2 ∈ [1/N, 1]

The number of uniformly taken measurements for a unique
recovery w.h.p. via basis pursuit is given as

m = O (µ(U)Ns log(N)) (5)

which is a considerable reduction in number of measurements
compared to (4) if the coherence is around its minimum value
1/N which is the case when for example U is the FFT matrix.
Note that this result is non-uniform, i.e. for a fixed x, m
uniformly taken samples of U can recover that fixed x unlike
the stronger guarantee given by RIP (4) which is uniform,
i.e. valid for all x. This will be further explained in Section
II-A. However this is not a practical drawback. The bound (5)
suggests that we are limited by the coherence of the isometry
U . For example Fourier and wavelet bases are highly coherent,
i.e. the multiplication of their matrices U = ΦΨ has a high
coherence, µ(U) = O(1) as N goes to infinity. This would
require m = O (sN log(N)) samples taken with a uniform
distribution. This is called coherence barrier and addressed in
[5] which will be presented in Section II-B.

In practice it has been shown that a variable density subsam-
pling reduces the number of required measurements and gives
a good reconstruction quality which would not be possible if
the same reduced number of samples were taken uniformly [6].
However the density functions used are empirical and even if
they perform well, we don’t know if they are optimum, i.e.
whether or not they give theoretically the best reconstruction
quality with a minimum number of samples. This is the general
theme of this write-up which presents different approaches to
this problem and gives a research proposal.

There are two important factors that affect optimal sub-
sampling density. The first one is coherence and various
approaches considered minimizing the coherence of U . In [7],
the authors formulated the optimum density as the solution of
a convex optimization problem. This approach can also incor-
porate support knowledge of a signal and closely matches the
performance of empirical approaches existing in the literature.

Another important factor is the distribution of nonzero
elements in the signal, i.e. the structure of the sparsity which
will be explained in II-B where we present a so-called flip
test to show the importance of this factor. The authors of [5]
argue that both factors must be taken into account, minimizing
the coherence is not sufficient alone. They make an exten-
sive performance analysis in order to give robust theoretical
guarantees in terms of coherences and sparsities at each level
of the signal support. However despite providing recovery
guarantees, they keep using empirical distributions without
presenting a justification of them based on their theory.

In Section II-C we will give an information theoretic view
of subsampling problem in compressive sensing. Inspired by
polar coding, [8] establishes a good connection and analogy
between the two fields and proposes a deterministic subsam-
pling scheme.

In the last section we will present some preliminary work,
give conclusions and future directions.

D. Notations

We show vectors by bold characters, random vectors with
bold capital letters and matrices by capital letters. e denotes
the Euler’s number.

II. SURVEY OF THE SELECTED PAPERS

A. A simple proof of RIP property [2]

1) Background:

As explained above, RIP property of measurement matrices
allows us to give error guarantees for `1 minimization. Gaus-
sian matrices are known to have RIP property with smaller
number of rows compared to any other type of matrices, they
are therefore optimal in this sense.

In [2] a proof of RIP property based on a concentration
inequality that Gaussian or other distributions such as
Bernoulli distribution satisfy is given. The proof makes use
of covering numbers in finite dimensional space to pass
from the concentration inequality to the RIP condition. As
the same concentration inequalities have also been used to
provide new proofs of Johnson-Lindenstrauss Lemma, this
brings out a connection between JL lemma and RIP property.
It is also shown in [2] that the minimum number of rows that
Gaussian matrices need to have in order to achieve the RIP
property is indeed optimum.

2) Results:

A) RIP property for Gaussian matrices
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Theorem 1. (Thm 5.2. in [2]) Let the random matrix A ∈
Rm×N satisfy the following concentration inequality. For each
given vector x ∈ RN ,

Pr
(∣∣∣‖Ax‖22 − ‖x‖22

∣∣∣ ≥ δ‖x‖22
)
≤ 2e−cδm (6)

where cδ is a positive constant that only depends on δ ∈ (0, 1).
Then for a given δ ∈ (0, 1),∃ c̃δ, ĉδ > 0 such that the matrix
A satisfies RIP of order-s with a failing probability less than
2e−ĉm whenever m ≥ c̃s log(N/s).

Proof Overview:

Note that the concentration inequality (6) is equivalent to
stating that for each given x

(1− δ)‖x‖22 ≤ ‖Ax‖22 ≤ (1 + δ)‖x‖22 (7)

with failing probability less than or equal to 2e−cδm. This is
very similar in form to RIP condition (2). Now we are going
to describe how to go from (7) to (2). They indeed share the
same inequality, but the statements have a crucial difference.
Inequality (7) holds for each fixed x whereas the definition
of RIP requires the inequality (2) to hold for all s-sparse x,
which is less likely to happen compared to the former if it was
not restricted to s-sparse vectors. The theorem says that this
restriction of the statement to s-sparse vectors gives the same
order of failing probability as the concentration inequality if
m is large enough.

Usually, they way to go from (7) to (2) is simply to
apply a union bound on failing probabilities. Indeed if we
were to prove the JL lemma instead, using the concentration
inequality (7), this would be straightforward. Given a set T of
t vectors, applying a union bound over

(
t
2

)
pairwise distance

vectors would reveal that O(log(t)/δ2) samples are sufficient
to preserve the pairwise distances

(1− δ)‖u− v‖22 ≤ ‖Au−Av‖22 ≤ (1 + δ)‖u− v‖22
for all u,v ∈ T . However (2) has to hold for all and infinitely
many s-sparse x which prevents us to directly apply a union
bound that would result in an infinite sum. But if we could
cover all s−sparse vectors with finitely many elements up to
a distortion parameter, we could still apply the union bound.

This is done in two steps. First we fix a support set S of
size s and consider only unit vectors x with the support S,
since A is linear. It can be shown that there exists a finite set
of maximum (12/δ)s unit vectors with same support S such
that for every unit vector x having the support S, there exists
a unit vector in the finite set at a distance less than δ/4 to x
[9]. Applying a union bound on this finite set and using this
upper bound on the distance, δ/4, an inequality similar to (7)
is proven to hold for all x with the fixed support S with failing
probability less than 2(12/δ)se−cδ/2m.

This was for all vectors x in the fixed support S, so the
problem of having infinitely many vectors is resolved. In the
second step, we apply again a union bound, this time over(
n
s

)
≤ (eN/s)s different possible supports of size s and after

some algebra we obtain the condition m > c̃s log(N/s) for

(7) to hold for all s-sparse x.

B) Optimality of Gaussian matrices

The first part of [2] gives the following bound after a
discussion on Gelfand width of a unit `1 ball, U(`N1 ): ∃c0 > 0
such that ∀m ∈ {1, 2, ...N}

1

c0

√
log(eN/m)

m
≤ Em,N (U(`N1 ))`2 ≤ 2c0

√
log(eN/m)

m
(8)

where

Em,N (U(`N1 ))`2 = inf
(A,∆)

sup
x∈U(`N1 )

‖x−∆(Ax)‖`2

is the worst case error of the best possible encoder-decoder
pair (A,∆) which first reduces the dimensionality of a signal
x ∈ U(`N1 ) to m and then maps it back to the dimension N .
From this we can see the optimality of Gaussian measurement
matrices as follows. Taking the supremum of (3) over U(`N1 )
and considering the lower bound in (8) we have,

1

c0

√
log(eN/m)

m
≤ sup
x∈U(`N1 )

‖x−∆(Ax)‖`2

≤ sup
x∈U(`N1 )

C√
s
σs(x)`1 ≤

C√
s

which implies that the number of measurements m is bounded
below by

m ≥ c2s log(eN/m) (9)

It has been stated in Theorem 1 that a measurement matrix
A ∈ Rm×N satisfying the concentration inequality (6) has
RIP of order-s w.h.p. if m ≥ c̃s log(N/s). This condition can
be rephrased using the following lemma.

Lemma 1. (Lemma C6-c in [3]) Let the integers m,N, s ≥ 1
with N ≥ s be given and let c, d > 0 be constants. Then we
have

m ≥ cs log

(
dN

m

)
=⇒ m ≥ c′s log

(
dN

s

)
, c′ =

ec

e+ c
(10)

Now choosing d = e, we can conclude that Gaussian
matrices satisfy RIP-s property w.h.p. if m ≥ c′′s log(N/m)
with c′′ = (c̃e)/(c̃ − e). Note that this is a stronger
condition due to direction of the implication in the lemma,
but we needed this in order to be able to compare with
(9). We now see that the number of measurements that
Gaussian matrices require for RIP to hold is optimum in
the sense that it achieves the lower bound (9) up to a constant.
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3) Discussion:

RIP condition is a strong requirement for signal reconstruc-
tion using `1 minimization. As it has been mentioned above,
it requires far more than necessary number of measurements
and it does not take the sparsity structure into account. It
cannot help us alone for a solution to the optimal subsampling
problem, however the basic tools and analysis used in the proof
could constitute a good base in the future research.

B. Breaking the coherence barrier: A new theory for com-
pressed sensing [5]

1) Background:

In [5] a CS setting where sparsity and measurement bases
are imposed by the physical setup is considered. It is known
that due to the coherence problem between two orthogonal
bases, a considerable reduction in number of measurements
is not possible with uniform sampling (Figure-1c,d). If the
number of measurements are reduced, then we are not anymore
in guaranteed region and the quality of reconstruction deteri-
orates (Figure-1e,f). However if we apply the variable density
sampling used in [5] with the same number of measurements,
we obtain a reasonable reconstruction. (Figure-1g,h).

In order to explain the success of variable density sampling,
the authors propose new concepts. Asymptotic incoherence
refers to the phenomena of matrix entries approaching to zero
in some regions (Figure-1a) even if some regions preserve a
high amplitude. This structure of matrix U can be exploited us-
ing a so called multilevel sampling to adapt different sampling
rates to different coherence regions. (Definition-2 below).

However the authors argue that minimizing the overall
coherence is not sufficient and the sparsity structure, i.e. where
the nonzero elements are located, also makes a difference. This
is shown via a so-called Flip Test. The authors take a signal
x and by flipping its coefficients in its sparsity basis they
obtain a new signal, xfp, which is measured using the same
subsampling mapping as x (Figure–1i), reconstructed with
basis pursuit and flipped again (Figure–1j). It is seen that a
subsampling map that is good for a particular sparsity structure
is not working for a structure in which the nonzero elements
are relocated. They conclude that the optimal subsampling
map depends on the sparsity structure as well and cannot be
explained by only coherence and total sparsity which both
signals share. It should be emphasized that this is not a
contradiction with RIP, since in both cases (Figure–1g,j) we
are out of guaranteed regions given by RIP but in the first one
we choose a subsampling map that allows us to operate under
the allowed regime of RIP or the universal coherence.

The problem that [5] adresses is precisely to provide a
theoretical guarantee for variable density subsampling given
a measurement scheme and sparsity levels of the signal.
Note that this doesn’t mean to find the optimum theoretical
subsampling map, indeed the authors use also empirical
distributions [5], [10].
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Fig. 1. (a) Coherence of Daubechies 4 wavelet and Fourier basis in 1D
(b) Original image to be measured with a partial Hadamard matrix (c-f)
Subsampling mappings and reconstruction errors (i-j) Flip Test

2) Results:

Before stating the main result, we need to give the following
definitions.

Definition 1. (Multilevel sparsity) Let N = (N1, N2, ....Nr)
be a partition of N into r positive integers, i.e. N =

∑r
l=1Nl.

This corresponds to dividing the length of signal α ∈ CN
into r consecutive levels of size Nl. Assume that we know the
sparsity of the signal α at each level l ∈ {1...r} , sl ≤ Nl, in
addition to our knowledge of total sparsity s =

∑r
l=1 sl. We

say that α is (s,N) sparse, s = (s1, s2....sr), if the sparsity
of the signal at each level l is equal to sl. We denote the set
of (s,N) signals by Σs,N.

Definition 2. (Multilevel sampling) Let Ñ = (Ñ1, Ñ2, ....Ñr)
be another partition of N into r positive integers, i.e.
N =

∑r
k=1 Ñk. Let also m = (m1,m2, ....mr) with

mk ≤ Ñk ∀k ∈ {1...r} be a partition of total number of
measurements, m, into numbers of measurements at each level
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N1 N2

...

...

. . . Nl . . . Nr

mr/Ñr

m1/Ñ1

m2/Ñ2

...

mk/Ñk

sk/Nk

s1/N1

s2/N2

sk/Nk

...

µ(P k
Ñ

UP l
N)

µ(P k
Ñ

U)

z }| {

↵U

Fig. 2. Multilevel sparsity, multilevel sampling and local coherence

k. We refer to this scheme of uniformly sampling mk rows of
Ñk rows at each level-k a (m, Ñ) multilevel sampling scheme.

Definition 3. (Local Coherence) For given partitions N and
Ñ of N and an isometry U ∈ CN×N the local coherence of
U is given by

µÑ,N(k, l) =
√
µ(P k

Ñ
UP lN) · µ(P k

Ñ
U), k, l = 1, ..., r

where P k
Ñ

denotes the projection matrix corresponding to
indices 1 +

∑k−1
i=1 Ñi......

∑k
i=1 Ñi.

These first three definitions are shown in Figure-2 for
illustrative purposes as they are central to the understanding
of the main result. The following two definitions are also
necessary for the statement of Theorem-2.

Definition 4. ((s,N)− term approximation error) Let x =∑
i αjψj be a signal in CN . The (s,N)-term approximation

error of x in the orthonormal basis Ψ is defined as

σs,N(x) = min
β∈Σs,N

‖α− β‖1.

Definition 5. (Relative Sparsity) For a given multilevel spar-
sity (s,N), an isometry U ∈ CN×N and a partition of N ,
Ñ = (Ñ1, Ñ2, ....Ñr), the kth relative sparsity is given by
s̃k = s̃k(Ñ,N, s) = maxβ∈Θ ‖P kÑUβ‖

2 and Θ is the set
given by

Θ = {β : ‖β‖∞ ≤ 1, |supp(P lNβ)| = sl, l = 1, ..., r}.
The main theorem is then as follows.

Theorem 2. (Thm 4.4. in [5] )
Let a signal x = Ψα be measured as y = PUα where

U is an isometry. Let P sample the rows of U according to
(s,N). Also let (m, Ñ) satisfy the following: ∀ε ∈ (0, 1/e]
and ∀k ∈ 1, ...r

mk ≥ Ñk · log(1/e)

(
r∑

l=1

µÑ,N(k, l) · sl
)
· log(N) (11)

with mk ≥ m̂k · log(1/e) · log(N) and m̂k satisfies

1 ≥
r∑

l=1

(
Ñk
m̂k
− 1

)
· µÑ,N(k, l) · ŝl (12)

for all l = 1, ..., r and for all ŝ1, ŝ2, ...., ŝr ∈ (0,∞) with

ŝ1 + ŝ2 + ....+ ŝr ≤ s1 + s2 + ...+ sr, ŝk ≤ s̃k(Ñ,N, s).

Suppose now that α̂ is a minimizer of

min
β
‖β‖1 s.t. PUβ = y

Then with probability at least 1−sε, we have the following
error bound for some constant C:

‖α̂−α‖2 ≤ Cσs,N(x).

The theorem seems to be complicated but we can interpret
it as follows. In contrast with (5) where an error guarantee is
given in terms of global coherence and global sparsity which
results in a high number of measurements, the number of
measurements mk at each level k now depends mostly on the
local sparsity sk and local coherences µÑ,N(k, l) as seen in
condition (11). Note that the local coherences of other levels
do not completely disappear, i.e. U is not completely block
diagonal, that is why there is an interdependency between
different levels. In the case of Fourier measurements and
wavelet sparsity, the effect of other levels to level-k is shown to
exponentially decrease as we are further away from that level,
therefore U becomes nearly block diagonal and this shows
that Fourier and wavelet bases are asymptotically incoherent
even if they are globally coherent. This gives a theoretical
explanation of using variable density sampling that breaks the
coherence barrier.

In [5] the theorem is also given for infinite dimensional
setting in Hilbert space and the finite dimensional case is
derived as a special case of this. The proof is extensive and
requires many tools from probability theory. The infinite
dimensional setting allows an analog compressed sensing
in which one can overcome the errors arising due to
discretization.

3) Discussion:

The theoretical guarantee that [5] provided in attempt to
explain the success of variable density subsampling is an
important contribution. However [5] does not asses the em-
pirical density schemes that are present in the literature using
Theorem-2 nor proposes an optimum subsampling scheme as
done in [7]. This would necessitate the formulation of an op-
timization problem in order to minimize the quantities on the
left side of (11) and (12). This approach can potentially give an
ultimate answer to the problem of optimum subsampling if we
maintain a good statistics of sparsity levels for certain signals.
Another shortcoming of [5] is the complexity of the conditions
in the theorem which naturally raises the question whether
or not they could be made more user-friendly. Finally one
wonders if it is possible to make the analysis without imposing
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the same number r of multivariate sampling and sparsity
levels given that this is not the case in empirical subsampling
schemes in use. This would facilitate the evaluation of the
empirical subsampling schemes.

C. Adaptive sensing using deterministic partial Hadamard
matrices [8]

1) Background:

In [8], the authors consider the problem of finding
deterministic measurement matrices that can well preserve
the entropy of random vectors. Therefore a probability
distribution over the input signal is assumed. The main result
is that a family of deterministically truncated Hadamard
matrices, preserves entropy of a random vector of i.i.d
discrete random variables with measurement rate approaching
to zero as the problem dimension increases.

2) Results :

Theorem 3. Let JN =

(
1 1
−1 1

)⊗n
, N = 2n, n=1,2... be a

family of matrices. Let Y = JNX be a linear transformation
of the input random vector X = [X1X2....XN ] of N i.i.d.
discrete random variables with probability distribution px sup-
ported over a subset of Z. Define Hi = H (Yi|Y0, Y1...Yi−1)
where H is the entropy function. For a given ε, also define
AN to be matrix whose rows are the rows of JN with indices
i for which Hi > ε. Then the measurement vector ANXN and
measurement rate satisfy

H(XN |ANXN )

N
< ε and lim sup

N→∞

mN

N
= 0 (13)

In parallel with RIP property regarding the preservation of
the norm of a deterministic vector, the family of matrices
that satisfies (13) are said to be satisfying a property called
restricted iso-entropy property (REP) with a certain measure-
ment rate which is, in the case of Theorem 3, asymptotically
zero.

Proof Overview:

The proof is based on source polarization and uses a
martingale convergence theorem [11]. The main difference is
that in compressive sensing, signals are in real field therefore
the binary addition is replaced by addition in real field. The
result is also different as stated in Theorem 3: the rate of
significant indices, Hi > ε, goes to zero unlike the source
polarization where the rate goes to the entropy of the source.

We will briefly describe the martingale construction. Con-
sider at time n, a Hadamard transformation of size N =
2n,Y = JNX. For each n we label the measurements
with binary labels [ω]n of size n, e.g. when n = 2 we
denote the possible outputs Y1, Y2, Y3, Y4 with the binary
subindices starting from 0: Y00, Y01, Y10, Y11. The subindex
[ω]n denotes first n-bit truncation of an infinite length sequence
ω ∈ Ω = {0, 1}∞ i.e. [ω]n = ω1ω2, .., ωn. We assign a
uniform probability measure on the space of all infinite binary

In(!)

In+1([!]n , 0)

In+1([!]n , 1)

}< �

> g(In(!))

Fig. 3. A branch of the martingale at time n and n+ 1

labelings. On the other hand, a superindex denotes the set
of all prior elements, e.g. when n = 4 and ω = 0.11...,
Y [ω]n = {Y1, Y2, Y3} .We now define a stochastic process In
as In = H(Y[ω]n

|Y [ω]n) and the σ-algebra Fn as the collection
of sets

{ω ∈ Ω : ω1 = b1, ω2 = b2, ..., ωi = bi}
for 1 ≤ i ≤ n and bi ∈ {0, 1}. Also we define F0 = {0,Ω}
and I0 = H(X).

At time n + 1, in order to obtain In+1, we can use the
recursive structure of the Hadamard matrices. More precisely,
let Y = JNX, Ŷ = JNX̂. From the construction of the
process I , it immediately results that

In+1([ω]n, 0) = H(Y[ω]n
+ Ŷ[ω]n

|Y [ω]n , Ŷ [ω]n) (14)

It can be shown that (In, Fn) is a martingale, i.e.

In(w) = E{In+1|Fn} =
1

2
[In+1([ω]n , 0) + In+1([ω]n , 1)]

(15)
Using martingale convergence theorem, we can conclude

that In converges to a random variable I∞ almost surely.
Therefore for a fixed δ > 0 and for every ω in convergence set,
there exists a n0(δ, ω) such that whenever n ≥ n0, we have
|In+1(ω)− In(ω)| < δ, written in Cauchy sequence form. By
using the martingale property (15), this is equivalent to

|In+1([ω]n , 0)− In(ω)| < δ (16)

whenever n ≥ n0 as any of two possible level differences
between In+1 with regard to In are the same (Figure-3). Now
comes to play an entropy power inequality proved in [8] which
will give a lower bound on the level difference as a function
of In.

Theorem 4. Let p be a probability distribution over Z. Then

H(p ∗ p)−H(p) ≥ g(H(p))

where ∗ denotes convolution, g : R+ → R+ is a strictly
increasing function with limx→∞ g(x) = 1

8 log 2 and g(x) = 0
iff x = 0.
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Considering the relation (14), Theorem 4 implies that
|In+1([ω]n , 0) − In(ω)| ≥ g(In(ω)). Using (16), whenever
n ≥ n0,

0 ≤ In(ω) < g−1(δ)

which means that In → I∞ = 0 almost surely. This implies
that In → 0 in probability, therefore

lim sup
N→∞

mN

N
= lim sup

N→∞
Pr(In > ε) = 0

where the first equality is due to the rule according to which
the rows are subsampled and the second is due to definition of
convergence in probability. This shows that the measurement
rate of the family of matrices, {AN}, is zero. Showing that
it preserves the entropy is relatively simpler and uses a few
inequalities involving conditional expectations [8].

An important question to ask is what happens when we do
not restrict the signals to be discrete. This is also answered in
[8]: For continuous distributions the measurement rate goes to
1 as ε tends to 0. The formal statement is as follows.

Lemma 2. Let pu be the uniform distribution over [−1, 1] and
Q : [−1, 1] → {1, 2, ..q} be a uniform quantizer for the RV
X with MMSE less than γ. Assume that {AN} be a family of
full rank measurement matrices in RmN×N satisfying

H(Q(XN )|ANXN )

N
< ε and lim sup

N→∞

mN

N
= ρ

where Q, when applied to a vector, quantizes each element of
the vector. Then ρ→ 1 as ε→ 0.

This suggests that we cannot do an analog-to-analog
compression with an asymptotically zero measurement rate
unlike the discrete case above, but there is a trade-off between
quantization error and entropy preservation bound.

3) Discussion :

The technique has two attractive features. First, as it is also
common in the compressive sensing, the Hadamard structure
allows a fast computation like in FFT. Second, the indices
corresponding to high entropies in the case of lower nonzero
probability are contained in the indices of high entropies in
the case of higher nonzero probability. This is called nested
property and allows one to adaptively refine the reconstruction
by adding extra measurements from lower entropy indices if
the sparsity level is not known a priori.

The results of [8] could be of high relevance for the problem
of optimum subsampling in compressive sensing as it offers
an alternative view of this problem. However there are some
questions to be answered before making a fair comparison with
the existing techniques applied to real signals. For example
it should be clarified how entropy preservation could be
connected to `p-norm error bounds in order to give some
conventional error guarantees. Another important question is
whether or not this method could work with a sparsity basis
other than the canonical one.

III. CONCLUSION

A. Preliminary work

Other than being an important factor for optimal sub-
sampling of an orthogonal matrix, structured sparsity might
also help us to design purpose-built measurement matrices.
Assuming that we know the sparsity sl of a signal x = Ψα at
each wavelet level l in addition to our knowledge of total
sparsity s =

∑
l sl, we can design a measurement matrix

A ∈ Rm×N composed of a block diagonal matrix and the
inverse wavelet transform matrix:

A =




As 0 . . . . . . . . . 0

0 A0

...
... A1

...
...

. . .
...

...
. . . 0

0 . . . . . . . . . 0 AL−1




×Ψ∗

where L = log2N is the number of wavelet levels. Each
Gaussian submatrix Al has dimensions ml×Nl with Nl = 2l

and As is a Gaussian random variable. This matrix is similar
to the aforementioned asymptotically incoherent matrix, but
instead we don’t need to increase the dimension for incoher-
ence, we simply design it block diagonal. At each level l,
we then uniformly select ml = c̃lsllog(Nl/sl) rows so that
RIP is satisfied with probability at least 1− 2e−ĉml . We have
observed and we conjecture that the inequality

m =
∑

l

ml =
∑

l

c̃lsl log(Nl/sl) ≤ c̃s log(N/s)

holds and gives us a substantial gain. We don’t have a
rigorous proof yet, but the proof is likely to use Jensen’s
inequality and a union bound over the failing probability of
each reconstruction block.

This suggests that the number of measurements required for
the block diagonal matrix is less than that of a full Gaussian
matrix. This also suggests that with the same amount of
measurements we can obtain a better performance.

As shown in the Figure-4, with less number of measure-
ments we can recover the signal with a good performance
using our method which is not the case for full Gaussian
matrix. Figure-4a,b show the test signal and best-s term
approximation (s = 15) that is used as an input to the full
and block Gaussian measurements. The length of the signal is
N = 215. When solved with `1 minimization, our approach
takes about the same time as the full Gaussian matrix does,
however it gives a much better reconstruction performance
(4c,d). Finally solving for the block systems successively
brings a speed-up factor of approximately four and doing this
on a parallel architecture further improves this (4-e,f).

B. Research proposal

As discussed above, finding a joint formulation that consid-
ers both coherence and sparsity structures to find an optimum
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Fig. 4. A block diagonal matrix can be used for a better performance if the
sparsity structure is known

variable density subsampling scheme and theoretically ana-
lyzing the performance of existing good empirical schemes
is an important research problem and constitutes the focus
of this research proposal. An answer to this problem could
further reduce number of necessary measurements in different
signal acquisition settings and give a better understanding of
empirical subsampling schemes.

A promising direction is to improve the preliminary work
done on designing block diagonal matrices. As a future work,
we would like to work on 2D signals. It would be important
to understand the limitations of this approach on a signal
that is not exactly sparse. A performance investigation of
other measurement systems such as expanders or matrices of
Bernouilli random variables would be very relevant in terms
of applicability. Merged with e.g. Haar wavelet basis, this
method using an expander matrix could potentially result in a
physical hardware design as it would allow a limited number
of different matrix entries.

Another research direction is to investigate whether it is
possible to reconcile the deterministic method presented above
with the optimal subsampling problem of the compressive
sensing applications as an attempt to propose an alternative
solution to this problem. The challenging obstacle is that
the problems have different settings: the first one assumes

a probabilistic distribution on the signal values whereas the
conventional compressive sensing works with deterministic
signals and uses random matrices for recovery. However the
connections provided in [8] motivates a further investigation
in this direction.
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