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Abstract—Characterizing the fundamental limits of commu-
nication in wireless networks has been a holy grail of infor-
mation theory for decades. Recent progress on this problem
for wireless relay networks [1] has led to a Quantize-Map-and-
Forward (QMF) relaying strategy which approximately achieves
the network capacity. The scheme employs Gaussian codebooks
for transmission and random mappings at the relays. For com-
munication system design however, efficient and implementable
coding and signaling techniques are required. Taking inspiration
from the phenomenal success of iterative codes for point-to-point
channels, we aim to develop low-complexity QMF-based iterative
schemes for networks that provably retain the universal perfor-
mance guarantees. In preliminary work, we present a structured
QMF scheme for the parallel-relay network, employing LDPC
ensembles for node operations. We demonstrate via simulations,
that our scheme, with no transmit channel state information,
offers a robust performance over fading channels and achieves
the full diversity order of the network at moderate SNRs.

Index Terms—Wireless Networks, Quantize-Map-and-Forward
Relaying, Cooperative Communication, LDPC Codes

I. INTRODUCTION

COoperative communication as a means to provide reliable
high data-rate wireless transmission has been extensively
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studied in the literature for the past several decades, both from
an information-theoretic viewpoint as well as from the per-
spective of communication protocols. However, the capacity
characterization of general wireless networks has been open.

Recently, an approximate characterization of the capacity
of wireless relay networks has been established in [1]. This
is done via a two-stage approach where first an analytically
simple linear deterministic model is developed that captures
the three key features of wireless communication in the inter-
ference limited (high SNR) regime–channel strength, broad-
cast and superposition. A complete capacity characterization
of networks under such a model is provided, which is a
generalization of the max-flow min-cut theorem for wired
networks. Using insights from this model, the authors develop
a relaying scheme for Gaussian networks, termed Quantize-
Map-and-Forward (QMF), in which the relays quantize their
received signal (at noise-level) and (uniformly at random)
map it onto their transmit codebooks. QMF is shown to
achieve all rates within a constant gap (independent of the
channel gains) to the cutset upper bound. Moreover, the relay
operations require only local knowledge, and transmit channel
state information (CSI) is not required at any point, rendering
QMF to be a practical and robust cooperative diversity scheme
for (fading) wireless channels.

The design and analysis of QMF relaying in [1] was done
without regard to computational complexity constraints. A
natural question to ask is whether one can design (com-
putationally) implementable strategies that maintain similar
advantages over more traditional cooperative communication
schemes. In the realm of point-to-point communication, low-
density parity-check (LDPC) codes have emerged in the last
decade as a class of codes that can exhibit near Shannon-limit
performance while admitting low-complexity message-passing
decoding algorithms on sparse bipartite graphs. Moreover,
as demonstrated in work of Richardson and Urbanke [2],
there exists a well developed set of tools to analyze these
codes and provide provable performance guarantees (in terms
of decoding thresholds at given rates) for a large class of
channels. Given the success of iterative codes in point-to-point
channels, it is of interest to examine the performance of such
techniques for the design of QMF-based cooperative strategies.

The first efforts in this direction were made in [3], where
a QMF-based coding scheme for the half-duplex single-relay
network was presented, using LDPC codes for encoding and
mapping. However, by invoking a one-block delay at the
relay, and performing successive interference cancelation at
the destination, [3] simplifies the decoding operation whereby



EDIC RESEARCH PROPOSAL 2

they orthogonalize the interfering streams. In such a simplified
scenario, the factor graph for the decoding operation effec-
tively reduces to that of two point-to-point channels connected
by nodes representing the quantization operation at the relays.
This strategy does not maintain the desired universality prop-
erty of the original QMF scheme. In particular, it does not
naturally extend to larger configurations.

In our preliminary work, we develop a practical QMF-
inspired coding scheme for the full-duplex parallel-relay net-
work. This scenario, originally studied in [4], is applicable to
next-generation (for example LTE-based) wireless networks,
where relays are placed for coverage extension. In our scheme
(i) We use LDPC ensembles for the encoding and relay
maps, to develop a compound graphical representation of
the network operation that takes into account the multiple-
access and the broadcast due to the wireless channels as
well as the processing at various nodes–namely quantization
and modulation. We devise scheduling and message passing
algorithms on this graph (ii) We evaluate the performance
of our codes and demonstrate that our implementation of
QMF retains several advantages over conventional strategies–
in particular, it achieves the full diversity order of the network
at moderate SNRs without transmit CSI, and is within 3 dB
of the optimal outage performance.

While there is promise from the initial results, we believe
the performance of such iterative systems can be improved
much further. As an instance, we have used off-the-shelf codes
for the source and relay operations. Insights into how com-
ponent codes (and their combinations thereof) influence the
iterative decoding performance would be a key to optimizing
the structures. With optimized structures, the performance,
especially under symmetric channel configurations is expected
to be better than that at present. To understand the fundamental
bottlenecks (be it code design, tackling multiple-access or
improving the quantizer) will be of help in designing better
schemes, taking us a step closer to providing provable guaran-
tees on iterative decoding thresholds for general (moderately
sized) networks that closely approach optimal.

The rest of this report is organized as follows: Section
II summarizes the work of Avestimehr et. al [1] on the
approximate capacity characterization for wireless networks.
In section III, we review the work of Richardson and Urbanke
on characterizing the performance limits of LDPC codes.
Section IV describes the coding scheme of Nagpal et.al [3]
for the single-relay network. We provide an outline and give
numerical evaluations for our preliminary work on the parallel-
relay network in section V and also mention future goals.

II. WIRELESS NETWORK INFORMATION FLOW

In this section, we summarize the work of [1], by first
introducing the linear deterministic framework for modeling
wireless signal interactions and then demonstrating how in-
sights from the capacity-achieving schemes for this model
can be translated to approximately optimal communication
strategies for Gaussian networks.

A. Linear Deterministic Framework

To introduce the linear deterministic model, we consider a
real scalar Gaussian point-to-point channel.

y = hx+ z

where E[|x|2] ≤ 1, z ∼ N (0, 1) and the channel gain is
|h| =

√
SNR. The capacity of this channel is 1

2 log(1 + SNR)
bits/transmission. Assume for simplicity that the transmit
signal and noise have a peak power 1. Writing the received
signal in terms of the binary expansions of x and z, we have

y = 2
1
2 log(SNR)

∞∑

i=1

x(i)2−i +

∞∑

i=1

z(i)2−i

Fixing n = d 1
2 log(SNR)e+,

y ≈ 2n
n∑

i=1

x(i)2−i +

∞∑

i=1

(x(i+ n) + z(i))2−i

Ignoring the carry-over from the second summation term, we
see that the channel can be approximated by a pipe that only
allows the bits of the signal that are above the noise level to
pass. This is illustrated in fig. 1. If x,y are q-bit vectors, this

A B
n

Fig. 1: Pictorial representation of the deterministic point-to-point channel

can be represented by a q × q shift matrix Sq−n where

Sq−n =
(

O(q−n)×n O(q−n)×(q−n)

In×n On×(q−n)

)
and y = Sq−nx

Hence, the capacity of the point-to-point channel in this model
is n = d 1

2 log(SNR)e+ which is within 1
2 -bit of the capacity

of the Gaussian channel (1-bit for the complex case).
Broadcast can be modeled in a similar manner. The de-

terministic model corresponding to a real scalar Gaussian
broadcast channel, with two receivers having channel SNR’s
as SNRi (i = 1, 2) and ni = d 1

2 log(SNRi)e+ is shown in fig.
2(a). The stronger receiver B1 receives the most significant
n1 bits and receiver B2 gets the most significant n2 bits
(n2 < n1). As shown in fig. 2(b), the capacity region of the
deterministic broadcast channel closely approximates that of
the Gaussian broadcast channel and the difference between the
corresponding rate regions is less than 1 bit per user.

A

B1 n1

B2

n2

(a)

n1
1
2 log(1 + SNR1)

n2

1
2 log(1 + SNR2)

R1

R2

(b)
Fig. 2: Pictorial representation of the deterministic broadcast channel

The superposition of two signals is modeled in the deter-
ministic network by XOR-ing the bits from interfering signals
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that arrive at the same signal level. Consider two transmitters
simultaneously trying to send data to a single receiver as
shown in fig. 3(a). The SNRs at the transmitters Ai are denoted
by SNRi and ni is defined as above (i = 1, 2, n1 > n2). In
this case, the receiver gets the most significant n1 − n2 bits
of A1 without any interference, while the remaining n2 bits
of A1 and all the bits of A2 that are above noise level get
XOR-ed at the receiver. The remaining bits below the noise
level get truncated. This can written algebraically as

y = Sq−n1x1 ⊕ Sq−n2x2

Again, it can be shown that the capacity region of the
deterministic MAC is at most 1 bit per user away from the
Gaussian MAC (fig. 3(b)).

A1

B
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(a)

n1
1
2 log(1 + SNR1)

n2

1
2 log(1 + SNR2)

R1

R2

(b)
Fig. 3: Pictorial representation of the deterministic multiple-access channel

The above examples show that the linear deterministic
model is a good approximation to the Gaussian model in the
sense that the capacity regions for one closely approximate
those of the other. This is not true in general however, and one
can construct networks (e.g Gaussian MIMO channel) where
the gaps can become unbounded. Nevertheless, it is possible
to gain insights from the deterministic model and construct
schemes that are close to optimal for Gaussian networks.

As an example, consider the diamond network shown in
fig. 4(a). It can be shown that the capacity of the linear
deterministic network in this case is

Cddia = min{max(nSB1 , nSB2),max(nB1D, nB2D),

nSB1 + nB2D, nSB2 + nB1D}

Interestingly, the relaying scheme in the deterministic model
that achieves capacity (routing independent messages through
non-interfering paths) leads to an analogous partial decode-
and-forward strategy for the Gaussian case, which achieves
rates within 1-bit of the cutset bound for all channel gains,
whereas schemes like amplify-forward and decode-forward
can be arbitrarily far away from it.

B. Main Results
1) Capacity of Linear Deterministic Networks: Let V be

the set of all nodes in the network with xj and yj denoting
the transmitted and received signals at node j, j ∈ V . The
link from node i to node j has a non-negative integer gain
nij associated with it. This number models the channel gain
in the corresponding Gaussian setting. The received signal at
each node (at each time step) is a deterministic function of
the transmitted signals at the other nodes,

yj =
∑

Sq−nijxi (1)

B1

B2

D
S

nB2D = 3

nB1D = 1

nSB1
= 3

nSB2
= 2

(a)

S

B1

B2

D

a3

a2

a

a3

(b)
Fig. 4: A deterministic diamond network and its Gaussian counterpart

where q = max(nij). Denote by ΛD, the set of all cuts
separating S and D. Then, the cut-set upper bound on the
capacity of this network is

C̄ = max
p(xV)

min
Ω∈ΛD

I(yΩc ;xΩ|xΩc)

(a)
= max

p(xV)
min

Ω∈ΛD

H(yΩc |xΩc)
(b)
= min

Ω∈ΛD

rank(GΩ,Ωc)

where GΩ,Ωc is the transfer matrix associated with the cut,
i.e, the matrix relating the vector of all the inputs at the nodes
in Ω to the vector of all the outputs in Ωc induced by (1).
Claim (a) follows from the fact that we have deterministic
networks and (b) follows since all cut values H(yΩc |xΩc)
are simultaneously optimized by independent and uniform
distribution of xV and the optimum value of each cut is the
logarithm of the size of the range space of the transfer matrix.

The following theorem says that, in the linear deterministic
setting, this upper bound can in fact be reached.

Theorem 1: The capacity C of a linear finite-field deter-
ministic relay network is given by

C = min
Ω∈ΛD

rank(GΩ,Ωc)

The theorem is initially proved for layered networks i.e. all
paths from the source to the destination have equal lengths.
This results in a simplification, whereby sequence of messages
can each be encoded into a block of symbols, with no
interaction across blocks as they flow through the network.

The encoding strategy is as follows. The source S has a
sequence of messages wk ∈ {1, 2, · · · 2TR}, k = 1, 2, · · · .
Each message is encoded by the source into a signal over
T transmission times (symbols), giving an overall transmis-
sion rate of R. Every relay j operates over blocks of time
T symbols, and uses independent linear mappings from its
received vector in the previous block to the transmit vector in
the present block, represented by xj = Fjyj . The matrix Fj
is chosen uniformly at random over all matrices in FqT×qT2 .
Given the encoding functions at the source and relays, the
destination attempts to decode the message wk.

S

A1

A2

B1

B2

D

Ω
Ωc

Can Distinguish

Cannot
Distinguish

GΩ,Ωc =




GS,A2 0 0

0 GA1,B2 0

0 0 GB1,D




(a) (b)

Fig. 5: An example of a layered relay network, a particular cut and the corresponding
transfer matrix.

The proof proceeds by bounding the probability of indistin-
guishability. Since we are dealing with deterministic networks,
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the only reason why the destination may not be able to decode
is if two messages w,w′ from the source get mapped to the
same received signal at the destination by the intermediate
relay nodes. Consider the cut Ω defined by the set of nodes
that can distinguish between w,w′ and the ones that cannot.
Since the events that correspond to the occurrence of the
distinguishability sets Ω ∈ ΛD are disjoint, we have

P{w → w′} =
∑

Ω∈ΛD

P

(
Nodes in Ω can distinguish &

nodes in Ωc cannot distinguish

)
.

P can be upper bounded by the products of (conditional)
probabilities that each node in Ωc cannot distinguish between
the messages. In the example network of fig. 5(a), for the
particular cut Ω shown, we have

P ≤ 2−T rank(GS,A2
)2−T rank(GA1,B2

)2−T rank(GB1,D) = 2−T rank(GΩ,Ωc )

where GΩ,Ωc is the transfer matrix across the cut. Summing
over all Ω ∈ ΛD and over all the other w′ for a fixed w, the
probability of error can be upper bounded by

Pe ≤ 2RT |ΛD|2
−T min

Ω∈ΛD

rank(GΩ,Ωc )

Clearly, Pe can be made as small as possible as long as
R < min

Ω∈ΛD

rank(GΩ,Ωc). The formal proof follows along these

lines and is extended to non-layered networks using a time
expansion argument.

2) Approximate capacity of Gaussian networks: To mimic
the operations in the deterministic model for the Gaussian
case, one has to extract the bits above the noise floor at each
relay, before proceeding with the random mappings. This is
proposed in [1] by means of a quantization operation on the
received signals. The quantized bits are then mapped randomly
to a transmit Gaussian codeword. The main claim in the case
of Gaussian networks is as follows

Theorem 2: The capacity C of the Gaussian relay network
satisfies

C̄ − κ ≤ C ≤ C̄

where C̄ is the cut-set upper bound on the capacity of the
network and κ is O(|V|), independent of the channel SNRs.

E
n
co
d
er

u1

u1

D
ec
o
d
er

[yD,1]

[yD,N ]

Inner Code

Inner Code

w ŵ
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Fig. 6: Setup for Gaussian Networks

The quantization operation [.] : C→ Z× Z maps a complex
number c = x + iy to [c] = ([x], [y]) where [x], [y] are
the closest integers to x, y. Since the Gaussian noise at all
receive antennas has variance 1, this operation is basically
scalar quantization at noise-level. The encoding consists of an
inner and outer code as shown in Figure 6(a).

• Inner Code: Source maps inner code symbol u ∈
{1, · · · , 2RinT } to FS(u) ∈ TxS

. Relay i receives yi of
length T , quantizes it to [yi] and maps it to Fi([yi]) ∈
Txi

. TxS
, Txi

are length-T random Gaussian codebooks.
• Outer code: The message is encoded by the source into N

inner code symbols, u1, · · · , uN . Each inner code symbol
is then sent via the inner code over T transmission times,
giving an overall transmission rate of R. The received
signal at the destination, corresponding to inner code
symbol ui, is denoted by yD,i, i = 1, · · · , N . Given the
knowledge of all the encoding functions Fi’s at the relays
and the quantized received signals [yD,1], · · · , [yD,N ],
the destination node tries to decode the source message.

The proof for layered networks proceeds by lower bounding
the mutual information between u and [yD] averaged over the
choices of random mappings FV = {Fi, i ∈ V}. Note that

1

T
I(u; [yD]|FV) ≥ 1

T
I(u; [yD]|zV , FV)− 1

T
H([yD]|u, FV)

where zV is the vector of channel noises at all nodes. The
first term on the RHS above is the average end-to-end mutual
information conditioned on the noise vector. Once conditioned
on a noise vector, the network turns into a deterministic one. A
technique similar to the one for linear deterministic networks
is used to upper bound the probability that the destination will
confuse an inner code symbol with another, which in turn (in
conjunction with Fano’s inequality) is used to lower bound the
end-to-end mutual information. The second term represents
roughly the penalty due to noise-forwarding at the relays, and
is proportional to the number of relays. Through a series of
technical lemmas it is shown that

1

T
I(u; [yD]|zV , FV ) ≥ Rin−(

1

T
+min{1, 2|V|2−T (C̄−3|V|−Rin)}Rin)

and
H([yD]|u, FV) ≤ 12T |V|

By choosing Rin arbitrarily close to C̄ − 3|V| and letting T
be arbitrarily large, for any δ > 0, we get

1

T
I(u; [yD]|FV) ≥ C̄ − 15|V| − δ

Therefore, there exists a choice of mappings at the source and
relays that provide an end-to-end mutual information close to
C̄ − 15|V|. We can now use a good outer code to reliably
send a message over N uses of this channel at any rate upto
C̄−15|V|. This constant gap result extends to other scenarios
including multicast networks, MIMO networks, frequency-
selective networks, half-duplex networks and fading networks
as shown in [1].

III. CAPACITY OF LOW-DENSITY PARITY-CHECK CODES

In this section, we review the work of Richardson and
Urbanke which presents a general method for determining
the capacity of LDPC codes under iterative message-passing
decoding over binary-input memoryless channels. The analysis
involves the consideration of an ensemble of codes rather than
individual entities. The paper develops a set of tools to prove
the existence of a decoding threshold (defined as the “worst”
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channel parameter for which reliable transmission is possible
at a given communication rate) under message-passing decod-
ing for a broad class of channels and compute this threshold
via a deterministic algorithm for the case when the ensembles
of bipartite graphs representing the codes contain no cycles.
The authors then show that as the blocklength of the code
increases, the behavior of individual instances concentrates
around the ensemble behavior, and that the ensemble behavior
itself converges to the behavior for the cycle-free case.

A. Preliminaries

We focus on (dv, dc)-regular LDPC codes, which contain dv
ones per column and dc ones per row of its parity-check matrix
H . Let n be the length of the (dv, dc)-regular LDPC code with
codewords given by the solution set of Hx = 0. For such a
code, we construct a bipartite graph with n variable nodes,
and m = ndv

dc
check nodes. Each variable node corresponds to

one bit of the codeword, and each check node represents one
parity-check equation. Edges connecting the variable nodes to
the check nodes are in one-to-one correspondence with the 1’s
in H . The design rate of such a code is 1− dv

dc
.

v1 v2 v3 v4 v5 v6

c1 c2 c3

Fig. 7: A (2,4)-regular LDPC code of length 6

1) Ensembles and Neighbourhoods: The ensemble
Cn(dv, dc) of (dv, dc)-regular LDPC codes of length n is
defined as follows. We assign to each node dv or dc sockets,
according to whether it is a variable or check node. The
variable and check sockets, numbering ndv(= mdc) in total,
are labeled separately with the set [ndv] = {1, 2, . . . , ndv}
in some arbitrary fashion. We pick a permutation π on ndv
letters uniformly at random from the set set of all (ndv)!
permutations. The corresponding labeled bipartite graph is
then defined by placing edges between the ith variable node
socket and the π(i)th check node socket. This induces a
uniform distribution on the set Cn(dv, dc) of bipartite graphs.

An important notion associated to the above bipartite graphs
is that of decoding neighbourhoods. Broadly, a decoding
neighbourhood of depth d of a given node or an edge
comprises the set of nodes and edges in the graph that are
connected to it by paths (sequence of edges) of length less than
or equal to d. An useful result associated with the decoding
neighbourhoods of (dv, dc)-regular LDPC codes is that the
number of distinct nodes as well as edges in a neighbourhood
of a node or an edge of depth 2l is upper bounded by 2(dvdc)

l,
which is independent of n. This result, together with the
symmetry properties associated with neighbourhoods [2] play
an important role in establishing the concentration results.

2) Binary-input memoryless channels: The class of chan-
nels considered are memoryless and have an input alphabet
I = {±1}. The output alphabet O may be discrete (e.g BSC)
or continuous (e.g BIAWGNC).

3) Message-passing Decoders: The class of message-
passing algorithms that are used for decoding the codebits
behave as follows. At time zero, every variable node vi
has a received value ri taking values in O. Messages are
exchanged between nodes in the graph along the edges in
discrete time steps. First, every variable node vi sends to
each neighbouring check node cj a message taking values in
M. At time zero, all messages sent by node vi are equal to
ri. Subsequently, each check node processes the messages it
receives and sends back to each of its neighbours a message
taking values in M. Each variable node now processes its
incoming messages together with its received value ri to
produce new messages to be sent to the check nodes and
hence the iterations continue. An important condition followed
by these algorithms is that the message passed on an edge e
in an iteration does not depend on the previously received
message along e. The message maps at variable and check
nodes (same for every edge associated with the corresponding
node) are represented as ψ

(l)
v : O × Mdv−1 → M and

ψ
(l)
c :Mdc−1 →M respectively. Messages can be interpreted

as representing estimates of a particular bit. The sign of the
message conveys the hard estimate on the bit (+1 or−1), and
the magnitude provides the reliability of the message.

A simplification in the analysis of the decoders arises from
the fact that under certain symmetry conditions satisfied by the
channels and message maps, the error probability conditioned
on a transmitted codeword becomes independent of it, allowing
analysis assuming the all-one codeword was transmitted.

B. Threshold Determination

1) Density Evolution: In this section, we focus on deter-
mining the decoding threshold for the case of tree-like neigh-
bourhoods by analyzing the evolution of message densities as a
function of the iteration number. Under the all-one codeword
assumption, an incorrect message is one with a nonpositive
sign. For discrete message alphabets, the expected fraction of
erroneous messages in the lth iteration can be expressed via a
system of coupled recursive equations. A closer investigation
of these recursions point to the existence of a (computable)
threshold. For infinite message alphabets, the situation is much
more involved. [2] addresses these questions for the important
case of the belief-propagation (BP) decoder.

In BP, the messages sent on an edge e represent the posterior
probabilities on the bit associated with the incident variable
node, i.e the 2-tuple (p1, p−1). A representation for the above
is in the form of a log-likelihood ratio (llr) log p1

p−1
. Every node

acts under the assumption that each message communicated
to it in a given iteration is a conditional probability mass
function (pmf) on the bit and that the random variables on
which the messages are based are independent. On receiving
its messages, a node transmits to each neighbouring node the
conditional pmf of the bit conditioned on all observed informa-
tion apart from that coming from the particular neighbouring
node. In this scenario, at the variable nodes, the likelihood
ratio of the outgoing message is the product of the likelihood
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ratios of the incoming messages. Hence in the llr domain

ψv(m0,m1, . . . ,mdv−1) =

dv−1∑

i=0

mi (2)

For the check-node maps, it is convenient to revert to the
equivalent representation where the random variable corre-
sponding to the bit takes values in {0, 1}, instead of {±1}
with 0↔ 1, 1↔ −1, p0 ↔ p1 and p1 ↔ p−1. The probability
of the outgoing message being 0, denoted by p̃0 is now the
probability that the mod-2 sum of the (dc − 1) independent
(0, 1)-valued variable is equal to zero. In this setting, one
observes that the 2-tuple (p̃0, p̃1) for the outgoing message
is given by the circular convolution of the incoming (dc − 1)
2-tuples. This operation can be efficiently implemented with
a 2-point DFT with the transform coefficients given by

F(p)(0) = p0 + p1 = 1

F(p)(1) = p0 − p1

Thus by the point-wise product of DFT coefficients we have

p̃0 − p̃1 =

dc−1∏

k=1

(pk0 − pk1) (3)

In the llr domain, this translates to the following message-map
at the check nodes

ψc(m1,m2, . . . ,mdc−1) = log

(
1 +

∏dc−1
i=1 tanh mi

2

1−
∏dc−1
i=1 tanh mi

2

)
(4)

To compute the evolution of message densities, we note that
(3) points to an efficient update method at the check nodes.
In particular, representing the messages by an ordered pair
(lg sgn(p0−p1),− log |p0−p1|) ∈ GF(2)× [0,∞), the check-
node message map reduces to an addition over the new space.
Also one can obtain the densities of log likelihoods P from the
equivalent density P̃ over GF(2)× [0,∞) and vice-versa via a
change of measure. The density of the outgoing message Q̃ is
then obtained by a convolution of the incoming densities P̃ ’s.
This can be implemented using generalized Fourier transforms
which in this case is the Laplace transform in the second
coordinate and the 2-point DFT in the first coordinate. De-
noting by P̃ 0(y) and P̃ 1(y) the densities P̃ (y, 0) and P̃ (y, 1)

(y ∈ [0,∞)) and the corresponding Laplace transforms by ˆ̃P 0

and ˆ̃P 1, the density evolution equations at the check-nodes as
a function of the iteration number l are given by

ˆ̃Q(l),0 − ˆ̃Q(l),1 =
(

ˆ̃P (l−1),0 − ˆ̃P (l−1),1
)dc−1

ˆ̃Q(l),0 + ˆ̃Q(l),1 =
(

ˆ̃P (l−1),0 + ˆ̃P (l−1),1
)dc−1

where analogous notation is used for the outgoing density Q.
From (2), the density evolution at the variable nodes represents
the convolution of the incoming densities and is given in the
Fourier domain by

F
(
P (l)

)
= F

(
P (0)

)(
F
(
Q(l)

))dv−1

(5)

2) Monotonicity: For most channels of interest, there ex-
ists a parameter α which reflects a natural ordering of the
channels–the capacity decreases with increasing α. In such
cases, it is natural to ask whether convergence for a parameter
α automatically implies convergence for every α′ such that
α′ ≤ α. To address this question, the authors first introduce
the notion of physical degradation of channels. A channel W ′

is said to be physically degraded with respect to a channel
W if the channel transition probabilities satisfy pW ′(y′|x) =
pQ(y′|y)pW (y|x) for some auxiliary channel Q. They show
that in such a setting, the expected fraction of incorrect
messages (denoted by p and p′ for channels W and W ′

respectively) during BP decoding in the lth iteration assuming
tree-like neighbourhoods satisfies p ≤ p′. This implies that
in a family of single parameter channels that are ordered by
physical degradation, there exists a threshold, i.e, a maximum
value of the parameter for which the error probability goes to
zero (and remains zero for all values less than this maximum)
in the limit of infinite iterations, separating the decodable
and undecodable regions. Such channel families are termed
monotone with respect to the decoder. An example of such a
family is the BSC, where a BSC with crossover probability
ε′ ≥ ε can be obtained from a BSC with parameter ε
by cascading it with another BSC of appropriate parameter.
Decoding thresholds obtained by numerical evaluation are
given in [2] for the BSC and BIAWGNC with BP decoding
for various (dv, dc) ensembles.

C. Concentration and Convergence to Cycle-Free case

The concentration results in [2] are stated as follows:
Theorem 3: Over the probability space of all graphs
Cn(dv, dc) and channel realizations, let Z denote the number
of incorrect messages among all ndv variable-to-check mes-
sages passed in iteration l. Let p denote the expected number
of incorrect messages passed along an edge with a tree-like
directed neighbourhood of depth at least 2l at the lth iteration.
Then there exists positive constants β and γ such that
(i)[Concentration around expected value] For any ε > 0

Pr{|Z − E[Z]| > ndvε/2} ≤ 2e−βε
2n. (6)

(ii)[Convergence to the Cycle-Free Case] For any ε > 0 and
n > 2γ

ε ,
|E[Z]− ndvp| < ndvε/2. (7)

The main idea in the proof of (6) is to form a martingale by
revealing more and more about the object of interest. First, the
ndv edges are exposed one-by-one, followed by the channel
observations in the next n steps. At the beginning of the
exposure process, we deal with the average over all graphs
and channel realizations. At the end of the n(dv + 1) steps,
the exact graph and channel realization get exposed. Using the
properties of local decoding neighbourhoods, it is shown that
the change in the quantity of interest is bounded by a constant
(depending on dv, dc) independent of n across the revelations.
Azuma’s inequality is then used to link the average case to
specific instances. The proof of (7) follows by conditioning
the expectation on whether the decoding neighbourhood is
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tree-like, and observing that the probability of occurence of
a non-tree like neighbourhood of depth 2l falls off as 1/n.

The results of this paper extend to irregular LDPC codes
(which are crucial to approaching capacity) and non-binary
LDPC codes among others. The analysis tools developed
would also be of potential interest in network environments
where there are more complex interactions among multiple
component codes corresponding to the network nodes, and
we wish to provide guarantees on iterative performance.

IV. CODING AND SYSTEM DESIGN FOR QMF RELAYING

S

R

D

zR

x

yR xR

z

y

Fig. 8: Half-Duplex Gaussian Relay Channel

In this section, we summarize the QMF-based coding
scheme of Nagpal et. al [3] for the half-duplex single relay net-
work shown in fig 8. R listens for fraction f and transmits for
fraction (1−f). The blocklengths at the source and relay, NS
and NR, satisfy the half-duplex constraint NR = (1− f)NS .
Codebooks CS and CR at the source and relay are binary LDPC
codes. The relay quantizes its received vector yR into KR bits
and maps it to a codeword xR ∈ CR for transmitting. The
source-to-relay channel gain is hR, and source-to-destination
and relay-to-destination gains are h1 and h2.

By factorizing the a posteriori probability p(xS |y), the
authors derive a factor graph containing the Tanner graphs
of CS and CR as subgraphs, and also consisting of nodes
representing the function p(xR|xS) (corresponding to the
source-to-relay channel), and the multiple-access check nodes
for the destination. They propose a systematic encoding at the
relay where the first KR bits xR[1 : KR] are the quantization
indices of yR[1 : fNS ]. This reduces the function nodes for
p(xR|xS) to represening only a quantization operation, which
further reduce to degree 2 nodes with scalar quantizers.

To simplify the multiple-access check nodes, the authors
modify the system architecture that allows them to orthogo-
nalize the interference at the destination, and in effect split up
the multiple-access nodes. To do this, they introduce a one-
block delay at the relay. Now, at the b-th block the destination
receives the superposition of the following: (i) signal from the
source containing the codeword sent at block b, xS(mb) (ii)
signal from the relay containing the side information about
the source’s codeword at block b − 1, xR(qb−1). At the b-
th block it jointly decodes block b − 1 (message mb−1 and
side information xR(qb−1)) by treating xS(mb) as noise.
Then it subtracts xR(qb−1) from y[b] and keeps the residual
ỹ[b] for decoding the next block. Subsequently, [3] works
on an equivalent simplified channel (shown in fig. 9) with
hSR = hR, hSD = h1, hRD = h2, Var[zSR] = Var[zSD] = 1,
Var[zRD] = 1 + |h1|2. The higher variance of zRD is due to
treating the source transmission in block b as Gaussian noise.

The decoding on this simplified graph (fig. 10) is carried out
using the BP algorithm. The messages passed by the variable

S

R

D

zSR

xS

ySR xR

ySD

zRD

yRD

zSD

Fig. 9: Equivalent Channel Model

and check nodes in the subgraphs corresponding to CS and
CR are exactly as outlined in [2]. For the quantizer nodes,
[3] derives the message-passing rules as a marginalization
of the corresponding function. This depends on the structure
of the quantizer and the channel statistics. Simulations for a
particular channel configuration show that the scheme provides
a 1 dB cooperation gain over the strategy of not using the relay
at all. Similar results are provided for a 16-QAM alphabet with
the bits quantized on each BICM sub-channel separately.

b b b b b b

b b b b b b

b b b b b b

xS1 xS2 xSNs xR1 xR2
xRNR

QU QU

f(yS1|xS1) f(ySNS
|xSNS

) f(yRNR
|xRNR

)f(yR1|xR1)

Fig. 10: Simplified factor graph with one-bit scalar quantizers

Due to the architectural modifications proposed, the scheme
requires explicit decoding of the relay transmissions. Note that
in the original QMF strategy, the relay transmissions do not
need to be reconstructed at any point in the network, and this
approach is in fact suboptimal for multiple-relay networks. As
pointed out in section I, the scheme presented in this paper
does not naturally extend to larger configurations.

V. CONTRIBUTIONS AND FUTURE DIRECTIONS
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Fig. 11: QMF Strategy for the Parallel Relay Network

Fig. 11 shows the schematic diagram of our QMF strategy
for the parallel-relay network, together with the signal vectors
at the nodes. The code at the source is an LDPC code of
the desired rate. Our mappings can be thought of as encoding
xQ with a rate 1

2 LDPC code and letting the parity bits be
the transmit sequence xR. The compound graphical model for
decoding is shown in fig. 12. The type α nodes correspond
to quantization at the relays, and facilitate soft-information
exchange between G0 and {G1,G2}. The multiple-access (type
β) nodes, connecting the xR1 and xR2 variable nodes, rep-
resent the function p(y|xR1,xR2). The information-exchange
between G1 and G2 that occurs via these nodes is an important
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ingredient in harnessing the benefits of co-operation from the
relays.
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Fig. 12: Decoding Graph for binary signaling with 1-bit scalar quantizers

We derive the message-passing rules for the type α and
type β check nodes and specify the following schedule for
information exchange among components in the compound
graphical model. Intrinsic message-passing rounds in G1 and
G2 are performed in parallel, once they receive the correspond-
ing incoming messages from the type α and type β nodes.
This simultaneously updates the messages mGi→αv→c and mGi→βv→c
(i = 1, 2). In the next step G0 performs local message-passing
rounds with its inputs from the type α nodes, and subsequently
updates mG0→α

v→c . This in turn updates mα→Gi
c→v . Also G1 and

G2 update their information via the type β update equations
to have new estimates for the subsequent global iteration.

We incorporate non-binary signaling into our model in a
2-step procedure–namely coding in binary, followed by mod-
ulating the bits to a constellation. The symbols are quantized
according to the Voronoi regions of the constellations.
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Fig. 13: FER for symmetric block-fading: h1, h2, h3, h4 ∼ i.i.d CN (0, 1). Rate = 1
bit/sec/Hz. Modulation: 4-QAM.

For the simulations, the binary codebook at the source is
chosen from the ensemble designed for the AWGN channel.
The mapping codebooks at the relays are samples from a (1,2)-
regular LDPC ensemble1. We use gray labeled QAM constel-
lations for signaling. Fig. 13-14, show that the performance
of QMF is within 2–3 dB of the outage performance of the
information-theoretic cut-set bound, at moderate SNRs. More

1Although a (1,2)-regular code does not by itself exhibit good performance,
we found it to work better than most ad-hoc choices, including the (3,6)-
regular ensemble, repeat-accumulate codes, and also the specially designed
ensemble for the MAC channel.
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Fig. 14: FER for asymmetric block-fading: h1, h4 ∼ i.i.d CN (0, 1); h2, h3 ∼ i.i.d
CN (0, 1

100 ). Rate = 2 bits/sec/Hz. Modulation: 16-QAM.

importantly, it performs as well or better than amplify-forward
with beamforming (AF-BEAM) and opportunistic routing
(OR) schemes, which require transmit CSI at the relays. This
demonstrates that our implementable designs behave similar
to the information-theoretic predictions.

At higher spectral efficiencies (3 bits/s/Hz) however, we
observe that QMF requires relatively higher SNRs to achieve
full diversity in statistically symmetric channels. Also, over
static (non-fading) channels, the performance of QMF is better
in asymmetric settings (providing a 2 dB gain over decode-
forward (DF) relaying), whereas it is worse than DF in the
perfectly symmetric (all gains equal) case, where handling
multiple-access becomes challenging. Although information
theory predicts that rate advantages of QMF over other
schemes is more pronounced in asymmetric conditions [1],
we believe that optimized code designs will help bridge the
gap from the present setting and thus improve the performance
at higher spectral efficiencies in symmetric fading.

One way forward would be to examine the performance
of spatially coupled LDPC ensembles for the network. These
are known to approach the MAP thresholds of the underlying
graphical models in several settings, which are not as sensitive
to the choice of particular ensembles as BP thresholds. This
would provide insight as to whether code-design alone is the
principle issue, or other aspects like noise-accumulation due
to the quantizers have a deeper role to play in determining the
ultimate performance limits of such systems.

Also of interest would be to evaluate the performance of
our schemes over more general topoligies and traffic scenarios,
where there is more inherent mixing of information streams.
Similar to the benefits provided by network coding for wired
networks, further significant gains over routing/scheduling
strategies are expected to emerge in such settings.
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