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Abstract—A challenging problem related to the design of polar
codes is “robustness against channel parameter variations”, as
stated in Arikan’s original work. To build more robust systems,
different models have been proposed in the literature. After we
survey polar codes and the channel polarization principle, we
present results on the capacity of a class of channels, and on
the performance of a general class of additive d-decoders with a
particular interest in mismatch decoders. We describe how the
problem of robust polar code design can be viewed as a mismatch
decoding problem over unknown channels or set of channels.

Index Terms—channel polarization, polar codes, unknown
channels, compound capacity, universal coding, d-decoders, mis-
match decoders.

I. INTRODUCTION

NE major problem considered by the field of information

theory is of reliable communication over a single point-
to-point channel. To this objective, appropriate coding schemes
are designed where channel encoders construct redundant
messages, such that upon reception, the corresponding channel
decoders can overcome the effects of noise introduced during
transmission. An information rate is achievable over the chan-
nel if no matter how small the error probability is, we can
find a code with a sufficiently large block-length of that rate.
Shannon defined the channel capacity as the highest achievable
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rate that information can be sent through the channel. The
error probability analysis over random code ensembles used
with typicality decoders, tailored to jointly typical sequences,
provides a simple way to show that the mutual information
between the channel input and output, denoted by I(P, W)
where P(z) is the input distribution and W (y|z) the channel
transition probability for any input x € X, and output y € Y,
is a fundamental quantity [1].

Gallager refined the error analysis to provide a better
characterization of the problem. The noisy channel coding
theorem [2, Chapter 5] states that for a discrete memoryless
channel (DMC), and a fixed rate R > 0, the average block
decoding error probability P, of an ensemble of block codes
with codewords of length NV using maximum likelihood (ML)
decoding, can be upper bounded as P. < exp{—NE,(R)}.
The reliability exponent E,.(R) establishes the compromise
between P., N, and R. Thus, P, vanishes exponentially with
increasing N if E.(R) > 0. Clearly, the approach here
expresses different trade-offs involved in system design.

An important aspect of the above outcomes is that they are
existence results, based on averaging over code ensembles.
We know there are codes which are good when evaluated
with respect to the achievability criteria. We can use these
codes to communicate at rates up to the ultimate limit set
by the probabilistic channel, namely the channel capacity.
Even though a simple random draw from the “codebag”
might give the good code the designer is looking for, no
real system exists without cost. This last one is dictated by
storage capabilities, and computational complexity limitations
in case of communication systems. Consider a block code with
exponentially many codewords in the block-length. Quickly
we find ourselves out of memory for moderate values of the
block-length, and of making unbounded pairwise comparisons
to identify the correct message sent through the channel.

Coding theorists have spent decades aiming to find good
codes with low encoding and decoding complexities. Linear
codes give a partial answer to this problem as a class of
codes with an efficient structure introduced for the codeword
generation process. The encoder transforms the input message
ull = (uy,...,un), to a codeword =} using a generator
matrix Gy, ie. 2V = ulNGy.

In 2007, Arikan [3] proposed polar codes as an appealing
error correction method. This class of codes are proved to
achieve the symmetric capacity of any binary DMC (B-DMC)
using low complexity encoders and decoders, and their block
error probability is shown to decrease exponentially in the
square root of the block-length [4]. A simple observation gives
the idea of polarization. Assume we make N independent
channel uses to transmit information after applying a one-to-
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one transformation GG to the data as above, we know that

N
LU YY) = X5 YY) = ) 1(Xs Ya) = NI(W) - (1)

1=1
with the symmetric capacity of the channel I(W) defined as

L e Wilo)
10V) =2 5Wl o) log s Ty Wiy 1)

When we apply the chain rule we obtain

N N
1Oy =Y 10sYY | U7 = Y 10sYN U, @)
i=1 i=1
Therefore instead of the NV independent channel uses of W,
we can consider from the chain rule perspective N successive
uses of the channels VV](\,1 ), RN WJ(\,N) given by the transition
probabilities W (Y | up),..., W @Ml | up),
respectively. Following this observation, channel polarization
is defined as the case when each of these channels converges
either to a perfect channel or completely noisy channel. Under
this event, the empirical distribution of the mutual information
terms in summation (2) satisfies

1 i
~ #HIUsY U € (1= ——=0  ©)

for any v € (0, 1). In fact, two basic channel transformations
lie at the heart of channel polarization. The channels WI(\;)
can be synthesized by the recursive applications of these
transformations until sufficiently polarized.

This idea is exploited to propose polar codes, and the
recursive process leads to efficient encoding, and decoding
structures. On the encoder side, uncoded data bits are sent
only through those perfect channels. Polar encoders’ job seem
to be rather simple given the knowledge of the good channels.
On the decoder side, the chain rule channels lend themselves
to a particular decoding procedure referred to as successive
cancellation decoder (SCD). At the i-th stage, the SCD
estimates the channel input u; with law W](\;) (yNul™ | uy)
according to some suitable decision rule based on the current
channel information, and supplies the estimates 4y, ..., U;—1
of the previous channel inputs to the next stage. Though no
genie exists to give the correct estimates, the analysis carried
in [3] shows that the decoder still performs with vanishing
error probability. More details on the paper are discussed in
the first part of the survey section.

Beside their computational complexity, typicality decoders
and ML decoders present another obstacle: they require the
exact channel knowledge to function. To tackle the situations
in which such a complete knowledge is missing, the study
of reliable communication under channel uncertainty becomes
relevant. The qualitative notion of channel uncertainty is made
more concrete by the definition of more complex channel
models. For instance, the unknown channel may be restricted
to belong to some given class of channels. This model we will
also be particularly interested in, is called the compound chan-
nel model. Here both the encoder and decoder are ignorant of
which of the channels in the class occurs, but the channel
remains fixed during the communication of a given codeword.

Hence, the selected code should ensure good performance for
all channels in the class. The paper by Blackwell et al. [5]
that we survey in the next section, defined the notion of the
capacity of a class of channels. Note that this last is allowed to
contain infinitely many channels. A key tool will be described
to attack coding within this context. Another more complex
model is the arbitrarily varying channel (AVC) model. Here the
channel law is allowed to vary over each use of the channel.
The importance of the decoders stands out even more in
those more complex communication scenarios. To allow their
study within a unified framework, decoders can be categorized
based on generic definitions of the decision functions. Alpha
() decoders are such a class where the decision rules are
based on the joint type of the codewords and the received
sequence. The derivation of the error exponent is based on a
very useful tool called the method of types [6]. For the single
point-to-point channel W, the random coding exponent of «
decoders used with constant composition codes of type P and
rate R, is given by Csiszdr et al. [7] as
E.o(R,P,W)=  inf
PLePm (D, W)
PP (P P1)
a(PPy)<a(PPy)

(DRI IP) +11(P, P2) — RIT)

(C))

where P, (y|x), Py(y|x) are noise compositions, and we define

PU(P,W) £ {Py: PPi(z,y) € P"(X,Y), PPi(y) = PW (y)}.

Each input distribution and channel transition probability
induce a joint one denoted as PW(z,y) = P(x)W (y|z),
and the corresponding output marginals are found as usual
from PW (y) = ZPW(x,y) P"(X,Y) denotes the set of

joint n-types, D(P;||W|P) is the conditional divergence, and
|z|T = max(z,0). Refer to [6], and [8] for more details on
these notations.

The need to communicate reliably under the lack of channel
knowledge led to the concept of universal coding. The max-
imum mutual information decoder (MMI) is such a decoder
which declares an input message iff the corresponding code-
word maximizes the empirical mutual information computed
from the joint type of a given codeword and the received
channel output sequence. Then, E, (R, P, W) reduces to

it (DBIWIP) + TP ) - RIT) ()
P eP™(P,W)
The exponent is positive iff R < [ (P,W). Consequently,
universally attainable transmission rates are obtained for any
DMC with finite input, output alphabets.

Therefore, we encounter sub-optimal decoders in many
cases whether this is for practical implementation purposes
(complexity, feasibility requirements), or partial/missing chan-
nel information. Although this may result in capacity loss,
this is in general unavoidable. The final selected paper of
the survey section is concerned with the study of a more
restricted class of decoders, and their performance in terms of
capacity. The paper [7] focus on additive decoding rules called
d-decoders. Even though this is a more restricted class, and the
MMI decoder is no longer treated within this class, d-decoders
still provide a broad enough framework to allow the study of
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rules such as the optimal or mismatched (soon defined) ML
decoding rules, or of difficult information-theoretical problems
such as the Shannon capacity of a graph, and the zero-error
capacity of a DMC [9].

In our research, we will focus on a particular type of d-
decoder: mismatch decoders. The usual ML rule is kept, but
instead of the true channel law a different one is employed in
the decision procedure, whence the mismatch term is justified.
These rules are particularly relevant for polar codes. The polar
SCD meets the low complexity requirement, but the decision
functions are still depending on the channel information.
Moreover, we didn’t consider how the good channel indices
are found. As we will see later, it turns out that the polarization
process is adjusted to the particular channel at hand. As a
consequence, polar codes are channel specific designs. If the
true channel is unknown, the code design should be based on
a mismatched channel. We could further help the designer and
give some partial information. Coming back to the compound
model, the channel can be assumed to belong to a given class.
Hence, it is important to assess the performance of polar
codes over an unknown channel or given set of channels for
mismatched designs.

Overall, these ideas can be viewed as an attempt to construct
universal polarization codes. Up to our knowledge, only two
papers appeared on the universality of polar codes: [10]
studies the compound capacity of polar codes, and [11] is
concerned with the universality in the source coding dual of
polar codes.

In the next section, the article follows with a survey of the
mentioned three papers. Finally, we conclude with the research
proposal to introduce basic research ideas, and directions.

II. SURVEY OF THE SELECTED PAPERS:

A. Channel polarization: A method for constructing capacity-
achieving codes for symmetric binary-input memoryless chan-
nels

We have already introduced the channel polarization
principle. In this section, we take a closer look at this
phenomenon, and polar codes as described in [3]. We deal
with B-DMCs unless specified otherwise.

A Closer Look at Polarization: To carry the discussion
forward, we first introduce another channel parameter in com-
panion to the symmetric capacity I(W). The Bhattacharyya
parameter Z(W) of a channel is defined as

ZW) =Y VW TOW(y ).

yey

This parameter gives an upper bound to ML decoding error
probability of a single use of the channel W, and stands as a
measure of reliability.

Consider the transformation matrix given as

10
G:[ll} (6)

The corresponding channel configuration is drawn in Fig. 1
combining two independent copies of .

Ux

f
=

Fig. 1. Basic channel transformations

The two successive channels W](\,1 ) and W](\? ) are charac-

terized bg the transformations W~ : X — Y2 and W :
X — Y* x X respectively. Referred as the basic channel
transformations, W~ and W can be defined by the following
transition probabilities

W u) = S0 W |u @) Wiy |w) ()

ug €X
1
W (y1yaur | ug) = Wy [ w1 ®u2)W(y2 | u2) ®)

The following properties related to the above transformations
are derived in [3]:

Properties 1 (W~, W):

) IW™)+ (W) =2I(W)

2) ZW )+ Z(WH) <2Z(W)

3) IWT) <I(W) < I(WH

ZW™) = Z(W) > Z(W™)
4) Z(WH) = Z(W)?
Z(W™) < 2Z(W)—Z(W)?with equality iff T is a binary

erasure channel (BEC).

5 IW)*+ Z(W)* <1
I(W) + Z(W) > 1with equality iff W is a BEC.

6) Given a BEC Wggc, the channels Wy and Wik  are
also binary erasure channels.

Overall, we see that the mutual information is preserved, the
overall reliability is improved, and I(W) = 1 iff Z(W) =0
and vice-versa. The third property confirms that we have made
progress towards polarization as while the channel W™ is
improved, the channel W~ is worsened. The idea now is to
apply the same basic channel transformations to the channels
W~ and W. As a result, four channels W——, W=+, W+,
and W are obtained. However in general, we are no longer
able to compare the parameters of these four channels in terms
of rate and reliability, except the knowledge that the channel
W*T is the best one and the channel W™~ is the worst
one. We keep applying the transformations to the obtained
=+ channels. To analyze the convergence properties of this
recursion, the polarization process is defined.

Let (2, F, P) be a probability space. The random sequence
Bi,..., By is drawn i.i.d. according to a Bernoulli distribu-
tion with probabilities equal to % Let F, be the o-algebra
generated by this Bernoulli sequence. Given a channel W, the
random sequence of channels {W (¢)} is defined for £ > 0 as

144 if £ =0
W(E):{ {Wi—-1)}y = if Be=0
{Wie—-D}yr= if Be=1

In the sequel, the random processes I, = I(W (¢)), Z, =
Z (W (£)) are defined, and the next properties are proved in [3]:
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Properties 2 (1y, Zy):
1) Properties 1 hold for I, and Z, at each ¢ > 0.
2) Each W ({) corresponds to one of the coordinate chan-

nels WQ(Z) The binary expansion of 1 — 1 = Z b -2”_<7,
=1
where by ... b, is a sample of the Bernoulh process.

3) The process {I;, F¢} is a bounded martingale on the
interval [0, 1].

4) The process {Zy, F¢} is a bounded supermartingale on
the interval [0, 1].

5) The process {Zy, F;} converges a.s. to a {0,1} valued
random variable 7,

6) The process {Iy, ¢} converges a.s. to a random variable
I, such that E[I,,] = Iy where I, takes values a.s. in
{0,1}.

The last property proves the next polarization theorem.

Theorem 2.1: For any B-DMC W, the sequence of

channels {W(¢)} polarizes such that Eq. (3) holds for
N = 2¢, for fixed v € (0,1) and for each i = 1,...,2".

A Closer Look at Polar Codes: Using the idea of channel
polarization, polar codes are proposed as a new coding tech-
nique. Namely, a polar code (N, R) of block length N and
rate R < I(W) communicates information only on the | N R
good channels whose mutual information values are close to
1 among all the WJ(\;) channels with ¢ = 1,..., N, and simply
transmits randomly fixed bits known to both the encoder and
decoder over the other bad channels.

Encoder: Given the data sequence ul', the codeword x¥
is computed from ) = u)Gy. The encoder structure is
based on an operation called channel combining, consisting
of combining the N independent channel realizations of W
to distill the channels with transition probabilities given by
Wy |ud) = WN@N|uNGy). The recursion can be
applied through the channel transformation matrix Gy =
BnG®YN where ® denotes the Kronecker product, G is defined
in Eq. (6), and By is the bit reversal permutation matrix.
Depending on the direction of polarization of the channels, the
data sequence u; ...uy indexes are split into two sets before
transmission. The first one includes the indexes of the data to
be transmitted on the good channels, and is referred as the
information set .4x. The remaining one is the set A%, of the
indexes corresponding to the frozen bits to be transmitted on
the bad channels. The selection rule for Ay will be described
after the error performance analysis.

Decoder: The SCD described in the introduction is closely
tied to a channel splitting operation. After channel combining,
the splitting synthesizes the channels whose transition proba-
bilities are given by:

i i 1
WJ(V)(?J{V% I\Uz‘) = Z WWN(Q{V

N
ui+1

Jui").

Decision functions similar to ML decoding rule can then be
defined by

o wedaiTo
NN Ll l >
O’ if W(l)(yN Ai— 1‘1) = 1

1, 0therw1se

di(yy’ 1)—{

The polar SCD will decode the received output in N stages
using a chain of estimators from 7 = 1,..., IV, each depending
on the previous ones. The estimators are defined as
=1 if ie Ay
T di(yl,ai ), if i€ An
Code Performance: Let P. scp(W) denotes the best achiev-
able block error probability under successive cancellation
decoding over the ensemble of all possible choices of the set

& when |Ay| = [ NR]. Then,
P.sco(W) =P U {dli_l = a7t Ny # uz}
Lic An
“r| U (£
Lic An
<P U {diy,ui™") # Uz}]
Lic An

Wy ui™ | w @ 1)

<Y i)

i€AN yN ul

< N 2(wy)

1€EAN

Wy (Y,

where Z(W() = \/W() (yiul™t | O)W( (yiut™ | 1).
y1 ,ul R

We remark that the standalone estimators U; will perform well

as long as the system depending on a genie to provide the

correct data values does so. Moreover, the following selection

rule for the information set is defined: pick Ay C {% ,N}
with [ NR] elements such that Z(W](\;)) < Z(Wy J)) for all

i€ Ay and j € A%

Complexities: The described encoder and SCD can be
implemented in O(N log N) complexity. However, no general
low complexity algorithm has been proposed to identify the
information set for a given B-DMC, except the BEC.

Another important result concerns symmetric channels. It
can be shown that the frozen bits can be selected in an arbitrary
way because they don’t affect the code performance. This
suggests to set the frozen bits to 0 for symmetric channels,
and results in a deterministic code where the given error bound
still holds.

The rate of polarization is crucial to make polar codes part
of any real application. We need to ensure that polarization
takes place fast enough as, in practice, the performance of
polar codes with finite block-lengths are important. The next
theorem characterizes the speed of convergence of P, scp(W).

Theorem 2.2: [4] Given any rate R > 0 such that R <
I(W) and a constant 3 < 2, consider the polar code (N, R)
of block length N. Then,

P. scp(W)

Finally, we close this section with some results stated
in [12]. The minimum distance of polar codes is given to be
O(v/N) [Lemma 6.3]. Comparing with the error exponent in
Eq. (9), one sees that with the proposed SCD, decoding beyond

= o2~ ™"). )

up | wg)
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the minimum distance of the code is possible. Moreover, it is
shown that the SCD has a performance comparable to ML
decoding of polar codes, up to the first order in the exponent,
as Po (W) > 2-N for any 8 > % [Lemma 6.4].

B. The Capacity of a Class of Channels

Blackwell et al. [S] defined the capacity of a class of DMCs
W by

CW) =C =max inf I(Q,W).

Q(z) Wew

They showed that this quantity corresponds to the supremum
of all achievable transmission rates 7'(WV), when the code is
required to perform well in all the channels in the class. To be
more specific, a maximum error probability criteria is used to
asses performance: A sequence of (e®", ¢,,n) codes of block-
length n for the class with e™* codewords and corresponding
sequence of disjoint decoding regions B; C V" is required to
satisfy for all the codewords u; € X", and for every channel
W € W, an upper bound W (B¢|u;) < e, where €, — 0.
The part (a), and (b) of the next theorem proves, respectively,
the direct part, i.e. T(W) > C, and the converse part, i.e.
T(W) < C of the result.

Theorem 2.3: Let W be any class of channels. For any
integer n, and any R > 0

1
(@ HO<C-R<g,
W with

Rn

there is an (", e,,n) code for

_ _ (C-R)
€n, = Aexp { n B
where A, and B are constants depending solely on
|X1], |V, C, and R.
(b) If R> C, and e > 2, then any (", ¢,,n) code
for W cannot have ¢, — 0 whenever n — oc.

(10)

The key point is that the exponential error bound does
not depend on the actual channel that occurs during the
transmission of a codeword, but depends only on C, R,
and the input-output alphabet sizes. Note that the condition
0<C-R< -
can always be reduced to another one with a lower rate.

Next, we give a brief overview of the proof of the direct
part with an emphasis on some approaches which might be
useful in our research.

Recipe for a class of channels: Two Approximations:

Step 1: If W is an infinite class of channels, we first
approximate it with a finite class denoted by Wg using a
quantization procedure. Given a channel W € W, for each
input z € X, we carry out the next steps:

o Select a number M > 2|))|?,

o Vy € Y sort W(y|x) in ascending order p; <

e Fori=1,...,

is for convenience. A code with a higher rate

Sy INYE

|V| —1, assign a number p; uniquely such

that p; < p; <pi+ 47
1Y|-1

e Setpiy =1— Y pj, and add Wg with law p; to We,.

i=1

Step 2: From this point on, we have a finite class to work

with. We index the channels in Wg from i = 1,...,L £

[Wq|. We will soon see that L is not very large. We construct

and Mp; =integer,

an “average” channel WQ A with transition probability given

LZW (y|z).

Step 3: For the channel Wq, 4, and any P(x) on X, compute
the joint density PWg a(x,y). For each x € A", y € V"
calculate the realizations of the random variable J defined as

Zlog Z J (@i, yi)
i=1
Note that Epw, , (a,y) [J(X,Y)] = I(P,Wg 4). Then for
a given block-length n, fix a number > 0, and select G
codewords using the described codeword selection process:

o Compute the number ¢ = Ge™* + P (J < «),

o Find a codeword x(1) such that P{J > «a|x(1)}
1 — €. Set the first decoding region as By = Ay
{0, y)|(x(1), ) > o).

o At the k-th step, keep selecting a codeword x(k) if there
exists a subset By = Uf':le(,») — Uf;lle(i) such that
P(By|x(k)) > 1 — € until G codewords are found.

Analysis of the error probability: Now, we proceed back-
ward to analyze the error probability of the resulting code. Let
C_m}rét;vl(P W), Co = nelfWQI(P ,Wg),and R, Rg
be positive numbers.

Step 4: Note that W;(y|z) < LWq, a(y|z) for any W, €
Wg. So, for any codeword x(k), and its corresponding decod-
ing region By, we have W;(By|x(k)) < LWg a(Byg|x(k)).

Step 5: By the construction in Step 3, the elements of the
codewords are drawn from an i.i.d distribution. As we assume
a DMC, the random variables {J(X;,Y;)}!" ; also form an
i.i.d ensemble. Using a Chernoff bound, a proper choice of «
and G = e™®, the above code can be shown to be a code for
the class Wg with the maximum probability of error upper
bounded by

by Wo.a(ylz) =

PWQA xwyz

JUZ PWQA yz

1>V

(Cq - RQ)Q}

€n = 21 %ex {n
P 16]X Y]

as long as 0 < Cg — Rg < 1/2.

Step 6: The channels in the finite class Wg can be shown
to satisfy the next properties.

Properties 3 (Quantization): For any W € W, there exists
a Wg € Wg such that for Vo € X',y € V:

1) [Wylz) - Walyle) < 2,
2) W(ylz) <eXp{ R }WQ(y\w)»

3) VP(x) on X, |[I(P,W) — I(P,Wq)| < 2|)| (D}l) ’

4) Any n-length code for Wowith e™?@codewords and
error probability < €,, can be used as code for Wwith

the error probability < exp |J/| } €n,
5) [Wel < (M + 1),
It only remains to relate the quantities C, Cg, R, and Rg.
2 2
Define Rg by Cg — Rg = C—R—M
manipulations glve Eq (10) Furthermore, we observe that C' <

. Then, a few

Co+2|Y) <y|> , by Properties 3-3). Hence R > R and
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the codeword set with e"'@ codewords can be reduced to
obtain a code for the class W with e™* codewords.

Converse: The converse part can be proved using types
of the codeword set, and two well-known inequalities in
information theory: Fano’s, and data processing. We do not
present the proof due to space limitations.

Discussions: A more modern analysis could be carried
using the method of types. Actually, the code constructed
could have been substituted with a constant composition code
from a random type ensemble based on the error exponent
given in Eq. (5). Though both techniques would produce the
same capacity expression, some differences are worth citing.
First the MMI decoder is more robust, in the sense that
it does not even need the knowledge of the compound set
as required otherwise. On the other hand, the proof in the
paper is constructive and provides an explicit method on code
construction though not practically implementable.

In general, C(W) is smaller than the infimum of the
capacities of any channel in W. This explains partially why
instead of designing the code sequence with respect to the
worst channel in the class, the second approximation is in-
troduced. However, if we restrict the analysis to symmetric
class of channels W, then C(W;) = ngv I(Q*, W), where

Q*(x) is the uniform input distribution. To show this, note
that max inf I(Q,W) < inf maxI(Q,W) holds as a
Q(x) Wew, Wew, Q(x)

general fact. As the uniform input distribution is the capacity

achieving input distribution for all symmetric channels, for

any W € W;, we have I(Q*, W) = rél(a))c I(Q,W). Thus, the
x

inequality in the opposite direction also holds,

C(Wy) = inf I(Q,W)> inf I(Q*,W).
(Ws) wax nf QW) > Wi, (Q*, W)
Even in this case, there is no clear-cut evidence that a code
designed for the worst channel will satisfy the error probability
criteria. The decoding regions given for the worst channel may
not be adequate for the other channels in the class.

C. Channel Capacity for a Given Decoding Metric

Csiszar, and Narayan [7] studied the performance of
an alternative class of decoders. Given a codeword set
{x(1),...,x(M)} € X", a d-decoder assigns a received
sequence y, the message i = 1,..., M such that d(x(i),y) <
d(x(j),y) for ¥j # i, otherwise declares an error. The
decision function is computed using the additive extension of
a single letter metric d(x,y). We limit the survey on finite
valued ones.

Definition 1: The d-capacity of a DMC W, denoted by
C4(W), is defined as the supremum of rates R for which, for
every € > 0 and sufficiently large block length n, there exist

codes with d-decoding such that the code rate log > R,
and the average/maximum probability of error is leTs%s than e.

The analysis of d-decoders can be carried using constant
composition codes based on the usual expurgation argument.
Indeed, for a given x € &A™, and y € Y™ with joint types

Py y, the metric computes

n

d(x,y) = Z d(@i, yi) =

i=1

Z nPx y(z,y)d(z,y).
TeX ,yey
Based on this fact, the authors note that for any DMC W,
Cq(W) = Cz(W) holds if d, and d are such that

d(z,y) = cla(x) +b(y) +d(z,y)) VreX,yey

for some finite numbers a(z), b(y), and ¢ > 0. This in turn
leads to an “equivalence” concept among decoders, useful
in proving capacity results for a given d-decoding rule. For
instance, for binary channels with W (0|0) + W (1|1) > 0,
a d-decoder employing minimum distance decoding rule is
equivalent to maximum likelihood decoding used in conjunc-
tion with constant composition codes. (see Lemma 6.5 of [8])
As a result, Cq(W) = C(W). Another result of the same
flavor is established in the paper; the next theorem provides a
sufficient condition for a DMC W to have Cy(W) = C(W)
when d is an erasure only (e.0.) metric, i.e. d(z,y) = 0 iff
W(y|z) > 0.

Theorem 2.4: Suppose that there exist positive numbers
Ax), x € X, B(y), y € Y, such that W (y|z) = A(z)B(y)
whenever W (y|z) > 0. Then C.,(W) = C(W).

As no general expression on Cy(W) is available, the major
concern of the paper is the study of lower bounds on Cy(W),
and their tightness.

Lower Bounds on Cy(W): The random coding bound on
constant composition codes given for a decoders in Eq. (4)
can be specialized to d-decoders. We define

I(P,W)2 min I(P, P,) (11)
Py: PPy(y)=PW (y)
Ep by (2,5 [HGY)]>A
where A £ Bpy, 0 [d(X,Y)]. Then, B, 4(R, P, W) > 0 iff
R < Iy(P,W).

Next, we discuss some properties of I4(P, ).
Properties 4 (14(P,W)):

1) I4(P,W)is a continuous function of the pair (P, W).
2) I4(P,W)is positive iff

Ep@)pw(y [d(X,Y)] > A (12)

In this case, the inequality constraint in Eq. (11) is
replaced by equality.

3) For binary channels, given any d-decoding rule
L.(P,W) = I(P,W)14ywhere A = {sign(1 — W(0|0) +
W (1[1)) = sign(d(0,0) + d(1,1) —d(0,1) — d(1,0))}. So,
Cq(W) =C(W) or 0. This property is due to [13].

Based on Properties 4-1), the following lower bound on the

d-capacity of a DMC is obtained.
Proposition 1: For any decoding metric d,

Cq(W) > max I, (P,W).

Moreover, for any distribution P on X and R > 0, there exist
constant composition codes with d-decoder, with codeword
type approaching P, rate approaching R, and probability of er-
ror going to zero exponentially for every DMC {W : X — Y}
such that R < I;(P,W).
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This bound can be improved by substituting instead of W
the n-extension channel W™, with super-letter alphabets X",
Y7, obtained from the n-independent uses of W. This product
space characterization yields the following sequence of lower
bounds

CalW) > OO (W) £~ max Ta(P, W) (13)

P

where P ranges over all distributions on X'™.

Tightness of the Lower Bounds: No converse for the general
case on any of the lower bounds is given in the paper. The
existence of codes with d-decoding with rates approaching to
R < C4(W), and exponentially vanishing error probability is
left as an open problem. Note that in general, we do not expect
I;(P,W) to be a concave function of the input distribution.

Binary input memoryless output channels are mentioned as
a special case where C((il)(W) is tight. We have already stated
in Properties 4-3) the binary channel case, where Cyq(W) =
C(W) or 0 depending on whether or not the mismatch metric
is in harmony” with the channel behavior. Indeed, Balakirsky
et al. [13] extended this result to general output alphabets. The
paper provides another special case where C' (Oo)(W) is tight.

Theorem 2.5: For a DMC W, Cq(W) = C (W) holds for
every e.0. metric.

Subsequent research revealed more aspects on the subject.
As opposed to the case of binary channels, Lapidoth et al.
[14] showed that Cy(W) = C(W) does not always imply
Ca(W) = Cc(ll)(W). The author provided a counter-example
based on d-decoders for multiple-access channels.

Discussions: We close this section with two remarks in the
paper which drew our attention. The first one points out a
quantity which might be useful to assess the performance of
polar codes in the presence of channel mismatch.

Remark 1: Consider the mismatched decoding metric
d(z,y) = —log(V(y|z)), then I4(P,W) > I(P,W,V) where

HPWv 2 S Pl (HU)
TEX,YyeY

(14)

A closer look at the constraints in Eq. (11) shows that they
are equivalent to I(P, P, V) > I(P,W,V). After some sim-
ple manipulations, one can derive the inequality (P, PQ) >
I(P, P,, V), from which the lower bound follows. Note that
I(P,W,V) can also be derived using Gallager’s error exponent
derivation technique. As opposed to the matched case, we see
that the method of types yields a stronger bound here.

The second remark is concerned with the achievability of
the compound capacity with a d-decoding metric.

Remark 2: When the class of channels VW discussed in
the previous section is a convex compact set, the compound
capacity C(W) = I(P*,W*) can be achieved by d decoding
with respect to d(z,y) = — log W*(y|x).

To show this, we first need a result from [8] stated in the
next proposition.

Proposition 2: Given a set of channels W, and W its

convex closure, if V = arg min I(W), then
Wew

I(P,aW +(1—a)V)>I(V) Vael0,1,YWeWw

which in turns implies that I(P,W, V) > I(P, V).

Using the first remark, we have I;(P*, W) >
I(P*,W,W*). Then, by assumption the channel W*
corresponds to the channel which minimizes I(P*, W) for

any W € W = W. In addition, we know

C(W) = max min I(P,W) = min I(P*,W)
P WeWw Wew
Hence, I,(P*, W) > I[(P*,W,W*) > I(P*,W*) = C(W)
by Proposition 2, and the achievability is proved.

III. RESEARCH PROPOSAL:

In a previous work [15], we showed that linear codes can
indeed achieve the compound capacity of a class of symmetric
channels. The first question we pose is: Does the class of polar
codes, as a subset of the linear class, achieve the compound
capacity of a class of symmetric channels? Upper and lower
bounds derived on the compound capacity of polar codes with
SCD rule Ipsc(W) in [10] yield a negative result to this
question. The underlying assumption throughout the analysis
is the availability of the actual communication channel among
the compound set to the decoder. Although the practicality of
such an assumption is to be defended, the negative result saves
the day as the lack of knowledge cannot possibly reverse the
end result.

Then, another question is raised: Do polar codes achieve
the d-capacity of any discrete memoryless symmetric channel
W when the SCD mechanism as described in the previous
section employs mismatch decision rules d;(yY,a!"') =
— log(ng;‘ ) (yV, 4 " |u;)) based on the channels obtained after
applying the polarization transformations to another symmetric
B-DMC V? No general answer is contended, but we give
an example where the answer turns out to be no as a direct
consequence of the fact that polar codes do not achieve the
compound capacity of symmetric channels. Let the compound
set be defined as W = {aW + (1 — @)V, Va € [0,1]}. Since
W is convex (or since the uniform input distribution is
the capacity achieving input distribution for any symmetric
channel) the min-max (or inf-max) equality holds

C(W) = max min I(P,W) = min maxI(P,W)
P Wew Wew P

and by Remark 2, if COWV) = I(P*,W*), for every W € W
we have

Ca(W) > Iy(P*, W) > I(P*,W,W*) > I(P*,W*) = C(W).
Now, if we assume W* = arg min I(W) =V, we conclude
wew

that since polar codes cannot achieve C(W), Cy(W) is not
either achievable with mismatched SCD with d;.

On the other hand, nothing precludes the option of achieving
Ip sc(W) via mismatched SCD with respect to W*, i.e. the
channel with minimum mutual information parameter in the
convex set W, as I(P*, W,W*) > C(W) > Ipsc(W) holds.
However, we would also require that the mutual information
minimizing property of the channel W* is preserved under the
basic polarization transformations.

Moreover, the mismatch mutual information parameter can
be related to the error probability of the SCD scheme of polar
codes. Indeed, the error probability that results from a single
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use of the channel W to transmit a 0 or 1 when ML decoding
with respect to the channel V' is used as a decoding metric
can be upper bounded as:

Pem (W, V) <1 = I(W, V).

This can be extended, as done in the previous section, to get
an upper bound on the error probability of polar codes of
block-length N under mismatched SCD

Po (W, V) < S 1-1(W{, v{).
i€EAN

All these considerations point out to analyze I(W,V') from
channel polarization perspective, as a priori we don’t know
if the quantity I(W, V') also polarizes or not as its matched
counterpart. In analogy to the matched case Z (W), a mismatch
Bhattacharyya parameter Z(WW, V') can also be defined. More-
over, as I(W,V) is the offspring of a random coding error
exponent analysis based on ML decoding, that the SCD has
comparable performance to the ML decoder might be useful.

Note that this problem is of much more practical flavor.
A solution would give an operational scheme for using polar
codes over an unknown channel W or a given compound set
of channels W with both the encoder and decoder ignorant
of the true channel information, except its membership in the
compound set. There is no trivial answer to this problem. On
the encoder side, the designer needs to ensure the good channel
indices picked based on the channel V is good for W or W.
Hence an ordering on the channel Bhattacharyya parameters is
required. On the decoder side, the designer needs to guarantee
that the error probability of the mismatched communication
scenario for W or W will be upper bounded by the error
probability of the matched scenario the true channel had been
V. For an arbitrary channel, we don’t expect to be able to
use the mismatched polar code designed with respect to this
channel to achieve good rates with vanishing error probability
over the unknown channel W or the given set of channels W.
However, some simulation results shown in Fig. 2 suggest that
a positive answer might be expected in certain cases.

To clarify the problem, we give the example of the binary
erasure channel. When we have a set of channels specified
with a fixed Bhattacharyya parameter, by Properties 1-5), we
know that the BEC minimizes the mutual information among
the channels in the set. Hence, the BEC plays the role of
the channel W*. In this situation, by Properties 1-6), we
also know that the mutual information minimizing property is
preserved under the basic polarization transformations applied
to W*. Hence, we can use a polar code (both encoder and
decoder) designed for a BEC in all other DMCs with the same
Bhattacharyya parameter.

One property that could be considered is channel degrada-
tion. It is known from [12] that in the case W is unknown, but
V' is expected to be a degraded version of W, the information
sets satisfy Ay C Aypy. That result helps the designer to
use safely the polar encoder designed for the channel V' for
communication over W. However, whether the same result
holds for the decoder is a question yet to be investigated.

Another idea would be to allow the decoder to run the SCD
for each of the channels in the compound set. Then, some

Rate vs Upper Bound to Pe Plot
T e

160 L L L L I L I L L
o 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1

Fig. 2.  Simulation results with blocklenght 2'° over binary symmetric
channels (BSC): Dashed line = true channel and true metric BSC(0.1), Solid
line = true channel BSC(0.1) and mismatched metric BSC(0.2), Dashed and
dotted line = mismatched channel and mismatched metric BSC(0.2).

procedure such as the generalized likelihood ratio test (GRLT)
might be applied to decide which of the estimates to declare.
We could first consider the performance when the class of
channel is finite, and then try to extend the analysis to the
infinite case via some suitable quantization procedure.

In conclusion, we propose to investigate in our research
the performance of polar codes for mismatched designs, and
identify channel relationships under which the mismatch de-
sign goal is met. We believe this study will provide insight in
and contribution to the search for universal polarization codes.
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