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Abstract

Particle dispersion and particle velocities were measured with laser sheets and a position sensitive photomultiplier tube to track

particles. Monodisperse hexadecane droplets were injected onto the centerline of a turbulent air jet. Their radial dispersion, axial

velocities, and times of ¯ight were measured as functions of axial position. The time and length scales of the jet were varied through

the control of the jet exit velocity and nozzle diameter. Nozzle diameters of 7 and 12.6 mm were used. Reynolds numbers were in the

range of 10,000±32,400. Two di�erent droplet diameters were used viz., 60 and 90 lm. A signi®cant range in the Kolmogorov, tur-

bulent, and acceleration Stokes numbers was covered. The times-of-¯ight were used to analyze the dispersion measurements in terms

of Lagrangian statistics. Dispersion data at long times of ¯ight for a range of nozzle diameters, particle diameters and exit velocities

were analyzed to obtain the Lagrangian particle di�usivity. The non-dimensional di�usivities or Peclet numbers were found to ap-

proach a value that was similar to the Eulerian Peclet number for scalar transport in a jet. Furthermore, the particle dispersion in-

creased linearly with time at long times from their release in the jet. Ó 1998 Elsevier Science Inc. All rights reserved.
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1. Introduction

Many two phase ¯ow systems rely on particle±turbu-
lence interaction for mixing and dispersion. Examples
include spray combustion systems, spray coating and
painting, and pulverized coal furnaces. These systems
may operate over a wide range of characteristic length
and time scales for both the particle motion and the ¯ow
®eld. The description of such multiphase ¯ows poses
fundamental theoretical problems as well as di�culties
in practical engineering modeling.

The simplest description of turbulent di�usion was
proposed by Taylor [1] who developed the theory of `dif-
fusion by continuous movements' for the dispersion of a
¯uid particle. This fundamental theory described the sta-
tistical dispersion of ¯uid points in a stationary, homo-
geneous, turbulent ¯ow. He derived the following well-
known equation for the dispersion of a ¯uid particle in
terms of a Lagrangian particle autocorrelation

r�t�2 � 2

Zt

0

Zt0
0

m�t�2
1=2

m�t0�2
1=2

RL�t; t0� dt0 dt; �1�

where the dispersion r2�t� is de®ned as the mean-square
displacement from the origin, and the velocity autocor-
relation coe�cient RL is de®ned by

RL�t; t0� � m�t�m�t0�
m�t�2

1=2

m�t0�2
1=2

� � ; �2�

where t0 � t � h, with h being the lag or separation time
of the correlation. Two special cases of Taylors's theory
are of interest here. For short times of ¯ight: h! 0 and
it follows that RL�0; t0� � 1 and v�t� � v�0�. Thus, the
dispersion becomes quadratic with time i.e.,

r2 � m�0�2t2: �3�
For long times of ¯ight, the integral of the autocorrela-
tion function approaches a limiting value. Hence, it fol-
lows that the dispersion r2�t� is a linear function of time
and the di�usivity, de®ned as e � 1

2
�dr2=dt�, is a con-

stant.
The theoretical description of particle dispersion in

homogeneous turbulence has been extended by many in-
vestigators. Wang and Stock [2] developed an analysis of
particles in homogeneous turbulence that included the
crossing trajectories e�ect. They showed that if the grav-
itational drift velocity were unimportant, the long time
di�usivity of a discrete particle could be larger than
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the ¯uid di�usivity. Dispersion in homogeneous turbu-
lence has also been attacked by means of direct simula-
tions of turbulence [3±7].

Free turbulent shear ¯ows present di�culties in the
analysis of dispersion because of the development of
the ¯ow ®eld with position. Batchelor [8] showed that
Taylor's theory for ¯uid particles could be extended to
non-homogeneous, self-preserving ¯ows, such as a
round jet or a wake. He relied on the fundamental, heu-
ristic assumption that the Lagrangian statistics of the
¯ow were self-similar, in the same manner as the Euler-
ian statistics. The assumption is intuitively reasonable
but it cannot be justi®ed rigorously. Batchelor [8] was
able to demonstrate that the asymptotic, long time dis-
persion of a ¯uid particle could be obtained through a
relatively straightforward, one-dimensional analysis.
Monin and Yaglom [9] derived similar but more general
expressions for the dispersion tensor of ¯uid particles as
a function of time. From these results, it was possible to
show that the dispersion of a ¯uid particle should be a
linear function of time in the case of a round, turbulent
jet. Di�erent scalings with time were possible for other
types of shear ¯ows. Experimental veri®cation of the
theory is not evident in the literature although many ex-
perimental investigations have been undertaken in rela-
tion to the dispersion of discrete (®nite mass) particles.

Lagrangian measurements of particle motion and
dispersion are most useful for comparisons with theory
or computation. Unfortunately, they tend to be di�cult
experiments to perform. Snyder and Lumley [10] mea-
sured particle velocity autocorrelations in grid-generat-
ed turbulence with a photographic method. They
showed that the autocorrelation of particle velocities de-
creased faster for heavier particles than lighter particles.
All of the particles used in their experiment, except the
hollow glass beads, had signi®cant inertia e�ects.

Sato and Yamamoto [11] undertook a similar study
of particle dispersion in grid turbulence with a more so-
phisticated optical arrangement. A light, responsive par-
ticle was used in this case to approximate a ¯uid particle.
They measured the particle dispersion and the Lagrang-
ian autocorrelation function as well as the Lagrangian
integral length scale. The Lagrangian length scale was
found to be smaller than the Eulerian length scale with
a ratio that depended on the Reynolds number. Govan
et al. [12] also used a photographic method to measure
the radial dispersion of particles in a ¯ow of gas through
a pipe. The particles were relatively heavy and unre-
sponsive to the turbulence. Lagrangian measurements
of the particle motion were obtained. Nicolai et al.
[13] used a more advanced solid state camera system
to track particles in a suspension. They measured La-
grangian velocity autocorrelation functions and particle
dispersion.

Many Eulerian studies have been concerned with the
impact of particles on the gas phase turbulence [14].
There has also been considerable interest in the past de-
cade with the details of the interaction between particles
and ¯ow structures. For example, Kobayashi et al. [15]
found that particles were concentrated in the braid re-

gions of a mixing layer, rather than in vortex cores. Ka-
malu et al. [16,17] also examined mixing layers with
particles and reached almost the same conclusions as
Kobayashi et al. [15]. They found that when the particle
and ¯ow time scales matched, the particles were dis-
persed more strongly than were smaller, nominally more
responsive particles. L�azaro and Lasheras [18] demon-
strated similar behavior by adding a polydisperse spray
to a mixing layer that was forced periodically.

The examination of the detailed interaction of parti-
cles with well organized structures yields a valuable in-
sight into particle dynamics. Although particles may
exhibit anomalous dispersion when the particle response
time and vortex time scale are of the same order, the
amount of total dispersion downstream in a free shear
¯ow is the integrated e�ect of many interactions, with
continuously evolving ¯uid time scales. In practical
terms, therefore, Lagrangian measurements of integrat-
ed or time averaged properties such as dispersion are
valuable in testing and developing numerical models.
Although the literature provides sets of data for particle
dispersion and spreading in round jets, the measure-
ments were purely Eulerian in nature and the addition
of small amounts of solid or liquid phase material (as lit-
tle as 2 ´ 10ÿ6 volume fraction) was found to cause
modi®cation of the underlying carrier phase turbulence
[19]. The modi®cation of the carrier phase turbulence
by the particles complicates the interpretation of exper-
iments and modeling considerably because the impact is
not well understood, even at the low loadings reported
by Hetsroni and Sokolov [19].

Very few Lagrangian studies of the motion of ¯uid
particles or heavy particles have been undertaken in free
shear ¯ows such as jets, mixing layers and wakes. Roma-
no [20] measured the Lagrangian velocity autocorrela-
tion function of ¯ow following particles in a low
Reynolds number water jet by particle tracking ve-
locimetry. The pollen particles were believed to follow
most of the motions of the turbulence. The cross stream
dispersion of particles exhibited a quadratic dependence
on time at short times and a linear behavior at long
times, in agreement with the analysis of Batchelor [8].
Call and Kennedy [21,22] measured the dispersion of
heavy particles in a round jet. They developed a particle
tracking method to make particle dispersion measure-
ments in a turbulent, round jet. A position sensing pho-
tomultiplier tube was used to measure the location of a
single droplet as it passed through a laser sheet. The dis-
persion of the droplet was measured for a relatively nar-
row range of time and length scales of the jet and the
droplet. A wider range of conditions is desirable so that
models of particle dispersion can be tested over a range
of ratios of characteristic particle response times to inte-
gral and Kolomogorov time scales of the carrier phase.
The ratio of particle size to scales of the turbulence may
be important through potential changes to the drag on
particles. A fundamental outstanding question that can
also be considered with these experiments is the relation-
ship of Lagrangian to Eulerian statistics in a turbulent
shear ¯ow.
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The experiments reported in this paper provide this
set of Lagrangian data for an extremely dilute, two
phase jet with absolute con®dence that the gas phase
turbulence is undisturbed by the addition of particles.
The ultra dilute nature of the ¯ow o�ers a considerable
advantage to modelers in testing particle dispersion
codes because the impact of the dispersed phase on the
gas phase turbulence does not need to be considered.

2. Experimental techniques

A jet of room temperature air issued from a round
nozzle into still air. The nozzle was designed to yield a
``top hat'' or uniform exit velocity. The jet was directed
vertically downward. The experiment used hexadecane
droplets that were more than 1000 droplet diameters
apart. Consequently, there were no particle interactions
and no modi®cation of the gas phase turbulence. The
particles were e�ectively non-vaporizing because the
air was at room temperature (23°C) and the particles
were measured in the ¯ow for a relatively short time
(�1 s). Monodisperse droplets were produced by a pie-
zo-electric crystal. The crystal was a hollow cylinder
with a liquid inlet on one side and a nozzle on the other.
A pulse generator supplied a pulse of variable voltage,
frequency and width to the crystal. This voltage caused
the crystal to contract and push a small amount of liquid
through the nozzle. Other details can be found in [21].

After the droplet was created, it was allowed to fall
freely in the droplet shroud (Fig. 1). The shroud ensured

that the droplet remained on the centerline of the ¯ow.
The air was straightened through screens and a honey-
comb before it came into contact with the droplet. The
air and droplet were then accelerated through the con-
verging nozzle and the droplet entered the jet on the cen-
terline. The variation in the velocities of droplets at the
nozzle exit was less than 1% with this scheme of injec-
tion. Care was taken to shield the jet from disturbances
in the laboratory with a mesh screen.

The droplet detection system used a He±Ne laser that
crossed the centerline of the nozzle exit. As a droplet left
the nozzle, it crossed the laser beam, scattering light
(Fig. 1) that was focused onto a photo diode. This volt-
age signal was used to trigger the data collection system.

Measurements of droplet position made use of a la-
ser sheet that was formed by an argon-ion laser with as-
sociated optics (Fig. 1). As the droplet passed through
the sheet, a collection lens formed an image of the drop-
let on the cathode of a position sensitive photomultipli-
er tube. The lens was located about 300 mm from the
edge of the jet. Measurements of the velocity ®eld (re-
ported later) did not indicate any interference with the
jet. The photomultiplier tube had four anode outputs
whose magnitudes were proportional to the proximity
of the centroid of the scattering image to the corre-
sponding side of the detector. The signals were ampli-
®ed before being digitized. At least 1000 droplets were
measured in each case in order to give statistically
meaningful results. The position of a particle was deter-
mined from scattering from one laser sheet. The time-
of-¯ight of a particle from the instant it crossed the trig-
ger beam at the nozzle exit was measured with an accu-
racy of �2 ms. The position measurements were limited
by the accuracy with which the photomultiplier detector
could be calibrated with droplets of the same size as
used in the experiment. The accuracy with which the lo-
cation of a particle could be measured was ultimately
determined by the scattered signal to noise level and,
more importantly, by the quality of the image of the
droplet on the photocathode. Hence, the resolution of
position measurements was �300 lm based on the re-
peatability of calibration measurements. Consequently,
the relative systematic uncertainty in the reported values
of dispersion was greatest for small dispersions, around
�12% for a dispersion of 25 mm2, down to �2% for a
dispersion of 600 mm2. Uncertainties in derived quanti-
ties were based on the square root of the sums of the
squares of products of uncertainties in primary quanti-
ties with the corresponding partial derivative. Most of
the measured values of dispersion were much greater
than 25 lm so that typical uncertainties due to calibra-
tion errors were less than 5%. Furthermore, because the
reported values of the dispersion are, in fact, a mean
value that is an approximation to a true expectation
of a distribution, there is an uncertainty due to sample
size. The values of the dispersion that are reported over-
estimate the true mean-square displacement by approx-
imately +6%.

Measurement of the axial component of the particle
velocity, u, required the use of two laser sheets. TheFig. 1. Experimental setup.
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sheets were created by directing the original laser sheet
into a retro re¯ector that formed a second parallel laser
sheet across the jet. The distance between the centers of
the sheets was measured to give the length DLu. The time
between the peaks of scattering signals was calculated as
follows. A Gaussian curve ®t was applied to each signal
with a linear regression performed on 31 data points.
This process calculated the time of ¯ight, Dtu, between
the sheets to �1

4
one clock pulse. Hence, the axial veloc-

ity, u, could be found from

u�x1� � DLu

Dtu
�4�

to within �1%. In principle, the system should be capa-
ble of measuring the radial component of the droplet ve-
locity. This component of velocity is more relevant to
the radial dispersion than the axial velocity. However,
it was found in practice that it was di�cult to resolve ac-
curately the rather small velocities in this direction with
the present apparatus.

A TSI model 1053B hot wire anemometer was used
for the velocity measurements of the air jet. The exit
pro®les for both the 7 and 12.6 mm nozzles are shown
in Fig. 2. The ®gure shows a uniform or ``top hat'' exit
velocity from both nozzles. The radial distance x2 is nor-
malized by the nozzle diameter D; the velocity u, is nor-
malized by the centerline exit velocity Uc. The centerline
exit velocities are given in Table 1.

The axial mean velocities and turbulence intensities
within the air jet were also measured. The centerline
mean velocities and the intensities relative to the center-
line mean velocity are shown in Fig. 3 for a nozzle diam-
eter of 7 mm. The decay of mean velocity and the
asymptotic level of turbulence intensity were typical of
free turbulent jets. The results in the larger nozzle were
similar. Measurements of the radial mean velocity pro-
®les of the air at di�erent axial positions (not shown) in-
dicated that they were self-similar and that the jet
maintained its axisymmetry.

3. Results

The behavior of a droplet in a turbulent jet is con-
trolled by the local time and length scales of the ¯ow

Fig. 2. Pro®les of the axial component of velocity (U) at the nozzle exit normalized by the centerline velocity (UC) for a range of Reynolds numbers

(Re) and nozzle diameters (D).

Table 1

Centerline jet exit velocities

Rej

10 000 20 000 30 000

D� 7 mm

Uc (m sÿ1) 21.5 43.0 64.5

D� 12.6 mm

Uc (m sÿ1) 11.9 23.9 35.8
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®eld and also by the characteristic time response of the
droplet. The latter time scale is, of course, constant
through the ¯ow ®eld. The time and length scales of
the jet and of the droplet motion were varied by chang-
ing the nozzle exit velocity, the nozzle diameter and the
droplet diameter.

3.1. Time scales

The droplet relaxation time can be estimated on the
basis of Stokes ¯ow as

sd � qdd2
d

18l
; �5�

where qd is the density of a droplet, dd is the droplet di-
ameter and l is the gas viscosity. Values of sd are shown
in Table 2. The particle response time can be non-di-
mensionalized by the convective time scale of the ¯ow
�sg � d=U� to yield a characteristic nozzle Stokes num-
ber, St � sd=sg, also shown in Table 2.

Call and Kennedy [21] and Hardalupas et al. [14]
used a time scale to characterize the slip due to deceler-
ation in the mean gas velocity. This deceleration time
scale is de®ned by

sa � dug

dx1

���� ����ÿ1

; �6�

where ug is the mean velocity of the gas in the x1 direc-
tion i.e., in the axial direction. The mean velocity mea-
sured by hot wire anemometry was di�erentiated to
give the time scale, sa. This scale is smallest near the noz-
zle exit and increases monotonically as the jet develops.
When x1=D > 40; sa is considerably larger than the oth-
er scales and becomes unimportant. Inertial responses to
the ¯ow ®eld can be described in terms of the accelera-
tion Stokes number, Sm viz., the ratio of the particle re-

sponse time, sd, to the ¯uid time scale for the change in
the mean velocity. These ratios are shown in Table 2. A
particle that is responsive to changes in the mean ¯ow
®eld has Sm less than unity everywhere; unresponsive
particles exhibit an Sm greater than unity everywhere.
Note that the present de®nition is consistent with our
other usage of the Stokes number but it is the inverse
of the de®nition of Sm used by Hardalupas et al. [14].

The time scale that characterizes the smallest eddies
in a turbulent ¯ow is the Kolmogorov time scale. The
Kolmogorov time scale can be estimated from

sk �
����
mg

e

r
; �7�

where mg is the gas kinematic viscosity and e is the dissi-
pation rate. Wells and Stock [23] used the ratio of parti-
cle response time sd and the Kolmogorov time scale sk to
characterize the e�ects of particle inertia. If sd � sk then
the droplet can be expected to follow almost all gas ¯uc-
tuations. The Kolmogorov Stokes numbers sd=sk� � for
this experiment are shown in Table 2.

Shuen et al. [24] de®ned a turbulent Stokes number,
ST, that was the ratio of the droplet relaxation time to
the time scale based on a characteristic eddy lifetime.
This eddy lifetime was derived from

se � C��
2
3

q k
e
; �8�

where k was the turbulent kinetic energy and C was a
semi empirical coe�cient set to 0.09. The turbulent ki-
netic energy and the dissipation rate were obtained from
a Reynolds stress calculation of the jet [25]. This turbu-
lent Stokes number is also shown in Table 2.

Wells and Stock [23] investigated the e�ect of body
forces, such as gravity, on the so-called `crossing trajec-
tories' e�ect. They claimed that the impact of gravity
was negligible when the drift or terminal velocity of
the droplet, uT, was less than the root mean square
(r.m.s.) ¯uid velocity,�����

u2
g

q
:

The ratios of these velocities are given in Table 2 where
it can be seen that the `crossing trajectory' e�ect due to
gravity should be unimportant. In general, the droplet
Stokes numbers increase with increasing Reynolds num-
ber as the gas phase time scales become shorter. Con-
versely, the droplet Stokes numbers decrease with
increasing distance from the nozzle as the length and
time scales of the jet grow.

3.2. Length scales

A comparison of the droplet size with the size of the
various length scales that characterize the turbulent ¯ow
®eld may be important. If the Kolmogorov scale is less
than the diameter of the droplet, then the boundary lay-
er around the particle may be modi®ed and the drag
may be changed. Antonia et al. [26] gave a relationship

Fig. 3. Measurements of the mean axial velocity along the jet center-

line (U) normalized by the centerline exit velocity (UC); measurements

of the relative turbulence intensity along the jet centerline (UC rms/UC).

(¨) Reynolds number 10 000, (h) Reynolds number 20 000, (s) Rey-

nolds number 30 000.
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between the Kolmogorov Length scale gk and the Rey-
nolds number of the jet

gk � �48 Re3
j �ÿ1=4�x1�: �9�

The ratio of the droplet diameter and the Kolmogorov
Length scale is shown in Table 2. As can be seen, this ra-
tio is of order one. Hence, the potential exists for some
impact on the drag of the particle.

3.3. Droplet dispersion

Particle dispersion, plotted in an Eulerian manner, is
shown in Figs. 4 and 5 as a function of axial location x1

normalized by the jet nozzle diameter D. Results over a
range of jet Reynolds numbers Rej are displayed in the
®gures. It can be seen that the smaller droplets respond-

ed more readily to the turbulence of the gas ¯ow than
the larger droplets and thus dispersed more. This was
expected based on the time scale ratios given in Table 2.
The smaller droplets have a shorter response time, al-
lowing them to follow the ¯ow to a greater extent than
the larger particles.

The data shown in Figs. 4 and 5 can be replotted by
using the average time-of-¯ight of the droplets to the
measurement plane. The results for dispersion are pre-
sented in this ``quasi-Lagrangian'' form in Figs. 6 and
7. In fact, data that are plotted in this quasi-Lagrangian
form are, in essence, the Eulerian data replotted with a
transformed abscissa. However, because the time-of-
¯ight and position were measured for each individual
droplet, these data could be converted into true La-
grangian statistics. This was done by sorting the data

Table 2

Time and length scales of hexadecane droplets in turbulent jets

Droplet diameter (lm) 60 90

Jet nozzle diameter (mm): 7

Rej 10 000 20 000 30 000 10 000 20 000 30 000

sd (ms) 8.49 19.6

Nozzle Stokes Number sdU=D 26 53 77 61 122 178

Turbulent Stokes Number sd=se x1=D � 25 1.35 6.67 17.3 3.14 15.60 40.00

x1=D � 40 0.36 1.66 4.11 0.84 3.84 9.49

x1=D � 50 0.1 9 0.85 2.06 0.44 1.96 4.75

x1=D � 60 0.11 0.49 1.17 0.26 1.13 2.71

Kolmogorov Stokes Number sd=sk x1=D � 25 20.83 67.67 135.66 48.09 156.23 313.19

x1=D � 40 8.69 26.67 51.97 20.05 61.57 119.97

x1=D � 50 5.69 17.05 32.81 13.13 39.36 75.74

x1=D � 60 4.02 11.83 22.57 9.28 27.30 52.10

Acceleration Stokes number sd=sa x1=D � 25 0.27 0.46 0.57 0.63 1.1 1.3

x1=D � 40 0.13 0.24 0.26 0.31 0.55 0.60

Crossing trajectories ratio uT=
�����
u2

g

q
x1=D � 25 0.079 0.052 0.040 0.182 0.119 0.092

x1=D � 40 0.094 0.059 0.050 0.218 0.135 0.116

x1=D � 50 0.101 0.066 0.054 0.233 0.151 0.125

x1=D � 60 0.109 0.072 0.059 0.251 0.166 0.136

Kolmogorov length scale ratio dd=gk x1=D � 25 0.91 1.53 2.0736 1.36 2.29 3.10

x1=D � 40 0.57 0.95 1.29 0.85 1.43 1.94

x1=D � 50 0.45 0.76 1.03 0.68 1.15 1.55

Jet nozzle diameter (mm): 12.6

Rej 10 000 20 000 30 000 10 000 20 000 30 000

Response time sd (ms) 8.49 19.6

Nozzle Stokes number sdU=D 7.7 17 24 18 39 56

Turbulent Stokes number sd=se x1=D � 25 0.23 1.16 2.93 0.53 2.67 6.77

x1=D � 40 0.06 0.29 0.70 0.14 0.66 1.61

x1=D � 50 0.03 0.14 0.35 0.07 0.33 0.80

x1=D � 60 0.02 0.08 0.20 0.04 0.19 0.46

Kolmogorov Stokes number sd=sk x1=D � 25 6.42 20.97 41.53 14.82 48.41 95.89

x1=D � 40 2.69 8.29 15.97 6.22 19.14 36.88

x1=D � 50 1.77 5.30 10.09 4.08 12.23 23.30

x1=D � 60 1.25 3.68 6.97 2.89 4.80 16.08

Acceleration Stokes number sd=sa x1=D � 25 0.12 0.14 0.25 0.28 0.31 0.57

x1=D � 40 0.034 0.095 0.11 0.079 0.22 0.26

Crossing trajectories ratio uT=
�����
u2

g

q
x1=D � 25 0.071 0.053 0.043 0.163 0.122 0.099

x1=D � 40 0.084 0.065 0.050 0.194 0.151 0.116

Kolmogorov length scale ratio dd=gk x1=D � 25 0.50 0.85 1.15 0.76 1.27 1.72

x1=D � 40 0.32 0.53 0.72 0.47 0.80 1.08

x1=D � 50 0.25 0.42 0.57 0.38 0.64 0.86

x1=D � 60 0.21 0.35 0.48 0.32 0.53 0.72
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into small windows in time, on the order of the Kol-
mogorov time scale. The results of this manipulation
of the data are shown in Fig. 8. It is apparent that the
quasi-Lagrangian results approximate the true Lagrang-
ian results very well for small times-of-¯ight and do not
deviate signi®cantly at larger times for a high Reynolds
number. This is to be expected if the distribution of the
times-of-¯ight is symmetrical about the mean as earlier
studies showed [21] for a high Reynolds number jet.
The agreement between the two sets of statistics is less
satisfactory for the low Reynolds number situation as
a result of the lack of development of the turbulence un-
der these conditions.

In certain cases (when droplet velocity has equilibrat-
ed to the surrounding gas phase ¯ow and the local
Stokes number sa=sg reaches a small value within the do-
main of the measurements), the results for experimental

dispersion exhibit two limiting cases. For short times-of-
¯ight, the radial dispersion of a particle is quadratic in
time and for long times-of-¯ight the dispersion is ap-
proximately linear in time. A similar behavior has been
reported by Romano [20] for the dispersion of ¯ow-fol-
lowing pollen particles in a turbulent jet of water. It is
most clearly seen in experiments in which the Reynolds
number is relatively low and, hence, in which the droplet
exit velocity is relatively low. In the higher Reynolds
number experiments, the droplets leave the nozzle with
a higher velocity (see Fig. 8) and behave more like bal-
listic particles as the gas phase velocities drop rapidly
downstream. In the linear regime, a particle di�usivity
in the radial direction can be de®ned as 1

2
�dr2

d=dt�. The
particle di�usivities were estimated for suitable cases in
the near linear portion of the data towards the end of
the droplet trajectory by using a least-squares ®t. The

Fig. 4. Eulerian measurements of droplet dispersion with a 7 mm nozzle.
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results, reported in Table 3, show an increasing trend
with increasing Reynolds number.

For a given time-of-¯ight and a large exit velocity, a
droplet will have traveled, on average, farther down
stream than in a lower speed ¯ow. In order to relate
the data given in the Lagrangian form to the appropri-
ate time scale, the turbulent time scales must be consid-
ered as functions of mean times of ¯ight. The time scale
ratios are given in Table 4 in this form for the range of
experimental conditions.

As can be seen from the table, the larger droplets
have the larger turbulent, Kolmogorov and acceleration
Stokes numbers for a given jet Reynolds number. At a
given mean time-of-¯ight, the turbulent Stokes number
is smaller for the smaller Reynolds number ¯ow. Hence,
the droplets are more responsive to the turbulence at
that time. It is also worth noting that the turbulent

Stokes number varies by an order of magnitude over a
time-of-¯ight from 5 to 25 ms as a result of the develop-
ment of the jet. This observation illustrates the futility of
assigning a single Stokes number to a particle in a rap-
idly developing ¯ow such as the jet if the behavior of
the particle in the far ®eld is of interest.

3.4. Droplet velocities

The droplet axial velocities, ud(x1), are shown in
Eulerian form in Fig. 9 as a function of the axial dis-
tance from the 7 mm nozzle. It should be noted that
the data were obtained across an entire section of the
jet and are not conditioned upon the radial location
i.e., the velocities are only functions of axial location,
x1. The mean velocities that were obtained in this man-
ner were biased, therefore, by droplets that were close to

Fig. 5. Eulerian measurements of droplet dispersion with a 12.6 mm nozzle.
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the axis because the greatest ¯ux of droplets was found
at this location. Hence, droplets near the axis of the jet
provided the greatest contribution to the mean velocities
that are reported in Fig. 8. Results from the 12.6 mm
nozzle are very similar and hence are not shown here.

It can be seen from the velocity data at the nozzle exit
that the droplets initially undergo some acceleration as
they attempt to catch up to the air as it accelerates
through the nozzle. A comparison of the droplet veloc-
ities with hot wire measurements of the air velocities
(Table 1) indicates that there is a signi®cant slip velocity
between the phases near the nozzle exit with the droplets
lagging the gas phase. As an example, the Reynolds
number for ¯ow around a 90 lm droplet at a nozzle
Reynolds number of 30 000 approached values as high
as 300 based on the relative velocity between the droplet

and the gas. This is clearly well beyond the Stokes re-
gime and calls into question the adequacy of sd, estimat-
ed using Stokes drag, as a measure of droplet response
time.

4. Discussion

4.1. Scaling of droplet dispersion with time

Many factors in addition to simple drag forces can
in¯uence the dispersion of droplets in a turbulent ¯ow.
They include contributions from the virtual mass and
Bassett history terms in the equation for particle motion
[27] as well as lift forces [28]. Faeth [28] showed that the
virtual mass and Bassett terms were not important for

Fig. 6. Quasi-Lagrangian measurements of droplet dispersion with a 7 mm nozzle as function of mean time of ¯ight from nozzle.
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liquid droplets dispersed in air at a pressure of one at-
mosphere. Furthermore, he concluded that Sa�man lift
forces [29] were an order of magnitude less than the
drag force for droplet diameters less than the nozzle di-
ameter at axial locations of x1=D > 10, conditions that
pertain to the present investigation. Droplet rotation
could conceivably be induced by the piezo-electric gen-
eration process. However, the droplet is directed down
a long straight tube without di�culty. The droplets
leave the nozzle completely aligned with the centerline
of the jet. Hence, there is no evidence of lift induced
by a Magnus e�ect. It is also possible that the droplets
are distorted by the relative velocity di�erence between
them and the gas phase. An estimate of the Weber num-
ber for the droplets in the worst case situation, where
velocity di�erences are greatest, shows that it is much

less than one, indicating the dominance of surface ten-
sion and the likelihood that the droplets remain spher-
ical.

The dispersion of particles exhibits a quadratic be-
havior with time for short times-of-¯ight. The dispersion
is approximately linear with time for long times-of-
¯ight. This observation invites a comparison with Tay-
lor's [1] results for the dispersion of a ¯uid particle in
a homogeneous, stationary turbulence with the strong
caveat that the motion of droplets in a jet are far from
the conditions considered by Taylor. In this case, it is re-
called that the dispersion was also a linear function of
time. Batchelor [8] and Monin and Yaglom [9] argued
heuristically that it was possible to scale the velocity of
a ¯uid particle in a self-preserving ¯ow, such as a jet,
so that the velocity and other statistics became statisti-

Fig. 7. Quasi-Lagrangian measurements of droplet dispersion with a 12.6 mm nozzle as function of mean time of ¯ight from nozzle.
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cally stationary. The particle di�usivity in the radial di-
rection for a round jet can be written as

e � 1

2

dr2
d

dt
� 1

2

d

dt
hx2�t� x2�t�i; �10�

where x2 is the particle displacement in the radial direc-
tion. Batchelor's [8] analysis can be used to show that
the di�usivity of a ¯uid particle in a round jet is constant
and the dispersion itself varies linearly with t. This result
depends upon the scaling of the mean downstream loca-
tion of the ¯uid particle with time-of-¯ight as t1=2 and

Table 4

Stokes numbers as functions of time-of-¯ight

Droplet diameter (lm) 60 90

D� 7 mm

Rej 10 000 20 000 30 000 10 000 20 000 30 000

Turbulent Stokes number sd=se t� 5 ms 5.92 6.55 9.05 14.4 15.9 19.2

t� 15 ms 1.05 1.39 1.63 2.14 2.84 3.16

t� 25 ms 0.50 0.68 0.75 1.04 1.38 1.44

Kolmogorov Stokes number sd=sk t� 5 ms 54.8 66.2 88.2 131 158 192

t� 15 ms 17.5 23.6 28.1 37.3 50.3 57.9

t� 25 ms 10.7 14.7 16.8 23.1 31.1 34.4

Acceleration Stokes number sd=sa t� 5 ms 0.18 0.42 0.35 1.4 1.3 0.69

t� 10 ms 0.085 0.26 0.19 0.71 0.85 0.35

D� 12.6 mm

Rej 10 000 20 000 30 000 10 000 20 000 30 000

Turbulent Stokes number sd=se t� 25 ms 0.53 0.89 1.11 1.14 1.81 1.97

t� 30 ms 0.39 0.67 0.83 0.85 1.32 1.44

t� 40 ms 0.25 0.43 0.53 0.54 0.81 0.89

Kolmogorov Stokes number sd=sk t� 25 ms 11.1 17.5 21.7 24.4 37.3 42.2

t� 30 ms 9.13 14.5 17.9 20.1 30.3 34.4

t� 40 ms 6.75 10.9 13.3 15.0 21.8 25.0

Acceleration Stokes number sd=sa t� 25 ms 0.25 0.12 0.14 0.070 0.29 0.25

t� 30 ms 0.19 0.11 0.12 0.062 0.27 0.21

Fig. 8. Quasi-Lagrangian and Lagrangian measurements of particle dispersion with a 7 mm nozzle.

Table 3

Particle di�usivities

Rej

15 000 20 000 30 000

D� 7 mm

ed (m2sÿ1) (dd � 60 lm) 0.0042 0.0079 0.010

D� 12.6 mm

ed (m2sÿ1) (dd � 60 lm) 0.0053 0.0058 0.0076
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the velocity scale with tÿ1=2, results that lead to a time
scale for ¯uctuations in the ¯uid particle velocity that it-
self varies linearly with t. Monin and Yaglom [9] ob-
tained a more general expression for the dispersion
tensor but the arguments are essentially the same.

A discrete particle will not behave in the same man-
ner as a ¯uid particle due to its ®nite size and mass.
Its inertia will not permit it to respond to all the ¯uctu-
ations of the surrounding ¯uid. However, one would ex-
pect that the particle would eventually respond to most
of the signi®cant ¯uid motions in a developing ¯ow such
as a jet when the local, particle Stokes number (based on
the particle response time scale sd that is ®xed and the
¯uid time scale sg that grows linearly with time in a jet
as shown above) is less than one. This does not take into
account the velocity di�erence between the droplet and
the gas phase. If the velocity di�erence is large as a result
of the droplet's inertia, then the interaction time be-
tween a droplet and an eddy will be less than sg. In these
cases, the appropriate ¯uid time scale would be the tran-
sit time of a droplet across an eddy, found in the manner
used in stochastic simulations of two phase ¯ows [30].

The transit time is less than the eddy life time. Hence,
signi®cant slip between the phases would lead to a larger
Stokes number as sg decreased. If this issue is ignored,
the particle Stokes number, St, will decrease with time-
of-¯ight as tÿ1

St � sa

sg

� tÿ1: �11�

It can be shown that a ¯uid particle will disperse lin-
early with time-of-¯ight t by noting that the mean,
downstream location of the particle scales x�t� � t1=2.
One would expect that a discrete particle in a ¯ow with
a very small Stokes number would exhibit a similar be-
havior i.e., it would behave as ¯ow tracer. It is not im-
mediately apparent whether particles with Stokes
numbers of O(1) or greater will deviate signi®cantly
from this scaling of downstream location with time in
a jet. A simple analysis of the mean motion of a discrete
particle can be used to examine the impact of Stokes
number variations on the response of a particle to chan-
ges in the mean velocity ®eld of the gas. Assuming a
Stokes drag law and a suitable description of a mean ax-

Fig. 9. Mean droplet velocities, ud, as a function of downstream location with a 7 mm nozzle.
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ial velocity in a turbulent jet, the response of a particle
to the mean ¯uid motion can be described approximate-
ly (by neglecting turbulent ¯uctuations) in terms of non-
dimensionalized equations as

d2~u
d~t2
� 1

St

a
~x� b

� �
; �12�

d~x
d~t
� ~u; �13�

where the particle velocity u is non-dimensionalized by
the particle velocity, U, at the nozzle exit

~u � u
U
; �14�

the non-dimensional particle time-of-¯ight is

~t � tU
D

�15�
and the non-dimensional axial location of the particle is

~x � x
D
: �16�

The parameters a and b were chosen to provide a rea-
sonable representation of the mean axial velocity in
the jet. This non-linear set of equations is not amenable
to a simple analytical solution. Matched asymptotics
[31] can be used to show that for St� 1,

~x � ~t1=2 �17�
to ®rst order.

A more general solution can be obtained with a
fourth-order Runge Kutta method for a range of char-
acteristic Stokes numbers. The results are shown in
Fig. 10 for St� 1.0, 10 and 100. It appears that the mean
downstream location scales quite closely with t1=2 (i.e.,
the curves are linear on this plot) over a wide range of
Stokes numbers. Results for St� 0.1 are indistinguish-

able from the results for St� 1.0 and 10. The behavior
at large Stokes number is di�erent at small non-dimen-
sional distance from the nozzle but it fairly quickly as-
sumes the same form as the other cases. Hence, one
can expect that the ¯uid time scale to which the particle
is exposed scales approximately with the time-of-¯ight,
t, for Stokes numbers less than about 10. However, if
the local Stokes number St (based on the local turbu-
lence integral time scale or the large eddy lifetime, sg

(Eq. (8))) is greater than 1 then the ®ltering of the turbu-
lent motion by the particle inertia may be signi®cant.
Consequently, the particle time scale sd would be impor-
tant and one would not expect the analysis of Batchelor
[8] or Monin and Yaglom [9] to pertain. A more restric-
tive criterion would require the local Stokes number to
be less than 1.

The local ¯uid time scale was estimated from the re-
sults of a Reynolds stress model. The ensuing turbulent
Stokes numbers at di�erent times-of-¯ight from the noz-
zle are shown in Table 4. It is apparent that the 60 lm
droplets attain a turbulent Stokes number of approxi-
mately one at a time of about 20 ms with both nozzles.
This estimate appears to be reasonable in comparison to
the apparent onset of the linear regime in Figs. 6 and 7.
The dispersion at a Reynolds number of 10 000 does not
become truly linear because the turbulence is not fully
developed. At Reynolds numbers of 15 000 and greater,
the dispersion becomes approximately linear with time
after about 20 ms. The estimates in Table 4 suggest that
the 90 lm droplets require times-of-¯ight in excess of 25
ms to achieve a Stokes number of unity.

4.2. Droplet di�usivities and Peclet numbers

The slope of the particle dispersion curves was mea-
sured over their straight sections i.e., after a ``long''
time-of-¯ight, to obtain an estimate of the Lagrangian
particle di�usivity, eL

p . This di�usivity was non-dimen-
sionalized with the convective time scale of the jet to
yield a Lagrangian Peclet number

PeL
p �

UD
eL

p

: �18�

Based on the measurements of van der Hegge Zijnen,
Hinze [32] indicated that the Eulerian eddy viscosity of
¯uid in a round jet could be expressed in terms of the
square root of the jet momentum ¯ux as

eE
m � 0:0116 UD: �19�

This relationship was obtained by ®tting a velocity
pro®le to experimental data under the assumption of a
constant eddy viscosity. The assumption of a constant
eddy viscosity throughout the jet is not entirely correct.
Furthermore, the concept of an eddy viscosity is intrin-
sically ¯awed in a shear ¯ow but it su�ces to yield an
estimate of the characteristic rate of turbulent transport
of momentum. Chevray and Tutu [33] made detailed
measurements of the velocity and temperature ®elds in
a slightly heated turbulent round jet. They reported val-
ues of the turbulent Prandtl number

Fig. 10. Numerically calculated non-dimensional downstream distance

squared as a function of a particle's non-dimensional time of ¯ight

t� � tU=D at various particle Stokes numbers St � sdU=D: (H)

St� 1.0, (h) St� 10, (s) St� 100.
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PrT � eE
m

eE
T

�20�
that varied across the jet from a value of about 0.4 to a
maximum of about 0.7. If a typical value of PrT� 0.6 is
used, then the eddy di�usivity, eE

T, is approximately (0.02
UD). This leads to an estimate of the Eulerian Peclet
number of about 50.

The measured Lagrangian particle Peclet numbers
are shown in Table 5 for those cases where dispersion
was linear with time for a signi®cant period i.e., for
the 60 lm droplets in jets with Reynolds numbers great-
er than 20 000. Analysis showed that the uncertainty in
the Peclet number was dominated by the uncertainty in
the estimation of the di�usivity, eL

p . The uncertainty in
the Peclet number for the worst case (largest velocity
and diameter) was estimated to be �8. The results are
close to the estimated Peclet number for the transport
of heat, given the error inherent in the di�erentiation
of experimental data. The similarity in the values of
the Lagrangian and the Eulerian di�usivities is rather
surprising in view of the di�erence in de®nitions of the
two quantities. It is possible, in fact, to equate directly
the Lagrangian di�usivity (Eq. (10)) with the eddy dif-
fusivity in the case of stationary, homogeneous turbu-
lence when the probability density function for particle
location is Gaussian 1. The extension of this equality
to a round, turbulent jet is rather problematical.

However, the probability density function for particle
location has been found to be Gaussian by Call and
Kennedy [21]. This observation, in conjunction with
Batchelor's [8] demonstration that the self-preserving
feature of the ¯ow can be used to derive a scaling of
the particle dispersion as a function of time, suggests a
similar theoretical association between the eddy di�usi-
vity and the Lagrangian di�usivity in the round jet.
The present experimental results suggest a simple and di-
rect relationship between the two quantities.

None of the results suggests the possibility of a par-
ticle di�usivity in the far ®eld of the round jet that is sig-
ni®cantly greater than the ¯uid di�usivity, in contrast to
®ndings in two-dimensional shear layers [34]. It must be
emphasized that the results apply only to times that are
long compared to a characteristic Lagrangian length

scale, or equivalently, to locations far from the source
or nozzle. Over this period, droplets have been exposed
to many eddies of widely varying time and length scales
and a wide range of values of the turbulent Stokes num-
bers have been covered over a droplet trajectory. Hence,
preferential dispersion of particles by vortices with time
scales of the same magnitude as the droplet response
time scale is not likely to be evident in the statistics of
far ®eld dispersion.

Other physical processes may in¯uence particle dis-
persion. Gravity may play a role although the estimates
that were shown in Table 2 suggest that the gravitation-
al e�ect is generally not important. Another potentially
important issue relates to the impact of ¯ow unsteadi-
ness on the drag around a droplet. Estimates of the Ko-
lmogorov scales in the ¯ow indicate that they can be
comparable to the size of the droplets. A modi®cation
to the boundary layer around the droplet and its drag
may result in some variation in the particle di�usivity.
Any e�ects due to the variation of the length and time
scales of the turbulence in relation to the size of the
droplets were small over the limited range of conditions.
Although a trend can be discerned in Table 5, it is with-
in the estimated uncertainty and the ensuing discussion
must be viewed in this light. As the nozzle diameter de-
creases, the Peclet number decreases at a ®xed Reynolds
number, suggesting that the particle di�usivity may not
scale solely with the jet time scale and length scale. As
the nozzle diameter decreases, the length scales of the
jet decrease commensurately; the time scales decrease
with nozzle diameter squared for a constant Reynolds
number. Hence, a droplet will experience smaller scale
turbulence and greater unsteadiness as the nozzle diam-
eter is reduced. Odar and Hamilton [35] and Karan®lian
and Kotas [36] showed for small and large Reynolds
numbers, respectively, that the drag coe�cient on a
small sphere increased as a result of unsteadiness in
the surrounding ¯ow, depending on the magnitude of
the disturbance via a so-called acceleration number.
This increase in drag would be manifested in the present
experiment as an apparent increase in the particle di�us-
ivity, leading to a reduction in the particle Peclet number
as the nozzle diameter decreased, as seen in Table 5. Un-
fortunately, the trend seen in Table 5 is not de®nitive;
data over a wider range of nozzle sizes are required
for con®rmation.

5. Practical usefulness and signi®cance

A complete set of data is provided for comparison
with calculations of particle dispersion in a turbulent
shear ¯ow. In contrast to other reported data, the cur-
rent results document thoroughly the initial conditions
of the ¯ow ®eld. Furthermore, the addition of the parti-
cles to the jet does not a�ect the gas phase ¯ow at all so
that calculations of the particle dispersion can be decou-
pled from calculations of the ¯ow ®eld. The similarity of
the measured Lagrangian particle di�usivity and the ed-
dy di�usivity of the jet suggest the possibility of reducing

Table 5

Particle numbers for 60 lm droplets

Rej

20 000 30 000

D� 7 mm 39 43

D� 12.6 mm 53 59

1 Monin and Yaglom [9], Vol. 1, Section 10.3 demonstrated the

equivalence of the two quantities by substituting the Gaussian

distribution in the Reynolds averaged equation for the mean concen-

tration.
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the computational e�ort involved in two phase modeling
in ¯ows that are self-similar by adopting a constant dif-
fusivity once the particle turbulent Stokes number is suf-
®ciently less than one.

6. Conclusions

A particle tracking method was shown to be capable
of yielding Lagrangian measurements of the dispersion
of single droplets in a round jet. Measurements of parti-
cle statistics were obtained for a range of characteristic
particle response times, nozzle diameters and jet exit ve-
locities. Dispersion as a function of time of ¯ight was
quadratic for short times-of-¯ight; the function became
linear for longer times. It was argued that when the local
particle Stokes number was less than unity, the particle
would behave like a ¯uid particle. The linear behavior
was an indication of the plausibility of the assumption
of Batchelor and of Monin and Yaglom that the La-
grangian statistics in a free shear ¯ow are self-preserving
in the same manner as the Eulerian statistics. The La-
grangian Peclet numbers of the particles approached
the estimated value of the Eulerian Peclet number for
a scalar in a round jet. A trend with nozzle size was ap-
parent in the measured Peclet numbers that suggested
that unsteadiness around the droplets may have had a
small impact on their drag and di�usivity. The results
suggest that the calculation of particle dispersion is
self-preserving ¯ows such as jets could be simpli®ed con-
siderably once the local particle Stokes number is less
than one and the mean velocities of both phases have
equilibrated. In such cases, the rate of dispersion of par-
ticles could be calculated simply from the eddy di�usi-
vity of the carrier ¯uid.
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