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1 Symplectic Vector Spaces

Let us first fix a field k.

Definition 1.1 (Symplectic form, symplectic vector space). Given a finite dimensional k-vector
space W , a symplectic form on W is a bilinear, alternating non degenerate form on W , i.e. an
element ω ∈ ∧2W ∗ such that if ω(v, w) = 0 for all w ∈W then v = 0.
We call the pair (W,ω) a symplectic vector space.

Example 1.2 (Standard example). Consider a finite dimensional k-vector space V and define
W = V ⊕ V ∗. We can introduce a symplectic form on W :

ω : W ×W → k

((v1, α1), (v2, α2)) 7→ α1(v2)− α2(v1)

Definition 1.3 (Symplectomorphism). Given two symplectic vector spaces (W1, ω1) and (W2, ω2),
we say that a linear map f : W1 → W2 is a symplectomorphism if it is an isomorphism of vector
spaces and, furthermore, f∗ω2 = ω1.
We denote by Sp(W ) the group of symplectomorphism W →W .

Let us consider a symplectic vector space (W,ω) with even dimension 2n (we will see soon that
it is always the case). Then ω ∧ · · · ∧ ω ∈ ∧2nW ∗ is a volume form, i.e. a non-degenerate top form.
For f ∈ Sp(W ) we must have ωn = f∗ωn = det f · ωn so that det f = 1 and, in particular,
Sp(W ) ≤ SL(W ).
We also note that, for n = 1, we have Sp(W ) ∼= SL(W ).

Definition 1.4. Let U be a linear subspace of a symplectic vector space W . Then we define

U⊥ = {v ∈W | ω(v, w) = 0 ∀u ∈ U}.

We say that U is isotropic if U ⊆ U⊥, coisotropic if U⊥ ⊆ U and Lagrangian if U⊥ = U .

We can deduce some properties from the definitions above.

– It is clear that dimU + dimU⊥ = dimW if ω is non-degenerate and U⊥⊥ = U .

– We have U ∩ U⊥ = 0 if and only if ω|U is non-degenerate, i.e. if and only if U is a symplectic
vector subspace.

– Since ω(v, v) = 0, all one dimensional vector subspaces are isotropic.

– U is isotropic if and only if ω|U = 0. Notice that in this case U⊥/U with the symplectic form
induced from ω is a symplectic vector space.

– In the opposite way, all codimension one vector subspaces are coisotropic.

– A Lagrangian subspace U is a maximal subspace with respect to the condition ω|U = 0.
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– If there exists a Lagrangian subspace U (we will see that it is always the case), then dimW =
2 dimU so that W has even dimension. Notice that this also follows from the fact that, after
choosing a basis for W , the bilinear form ω will be represented by a k × k matrix A, where
k = dimW . Moreover from the fact that ω is non-degenerate and antisymmetric we get detA =
detAT = det(−A) = (−1)k detA and since detA 6= 0 we must have k even.

Proposition 1.5. Every symplectic vector space (W,ω) is symplectomorphic to V ⊕ V ∗ for some
finite dimensional vector space V . In particular dimW = 2n.

Dimostrazione. First of all we prove that there exist a Lagrangian subspace V . Start with any
isotropic space E (there is always one, for example any one dimensional E will do), if E = E⊥ we
are done, otherwise pick v ∈ E⊥ \ E. Now E′ = E ⊕ 〈v〉 is strictly larger than E and ω|E′ = 0 so it
is also isotropic. This process has to stop at some point giving us a maximal isotropic subspace V ,
i.e. a Lagrangian subspace.
Let us take an isotropic subspace F such that F ∩ V = 0. Again, if F = F⊥ we stop, otherwise
F⊥/F is a non-trivial symplectic vector space properly containing (F + V ∩ F⊥)/F as an isotropic
subspace. In particular we can pick v ∈ F⊥ \ (F +V ) and build a bigger F ′ = F ⊕〈v〉 with the same
properties.
Summarizing, we proved that there exist two Lagrangian vector spaces V and V ′ such that V ∩V ′ = 0.
Therefore dim(V ⊕ V ′) = dimW − dim(V ⊕ V ′)⊥ = dimW so that W = V ⊕ V ′. We also have a
map V ′ → V ∗ given by v′ 7→ ω(v′, ·) which is injective by non-degeneracy of ω. Finally it is easy to
check that W is also symplectomorphic to the standard structure on V ⊕ V ∗.

Example 1.6 (Standard example). Let us consider again the example of the symplectic space W =
V ⊕V ∗. We can choose a basis e1, e2, . . . , en of V and the corresponding dual basis f1, f2, . . . , fn of V ∗

so that fi(ej) = δij . Therefore e1, e2, . . . , en, f1, f2, . . . , fn is a basis ofW and ω(ei, ej) = 0 = ω(fi, fj)
while ω(ei, fj) = −δij .
We can also introduce the basis of W ∗ dual to the one we have for W , call it ε1, . . . , εn, φ1, . . . , φn.
Then it is easily verified that ω = ε1 ∧ φ1 + · · ·+ εn ∧ φn and also:

ω ∧ · · · ∧ ω = n!ε1 ∧ φ1 ∧ · · · ∧ εn ∧ φn.

2 Symplectic manifolds

In this section we will assume that k = R.

Definition 2.7 (Almost Symplectic Manifold). A manifold M is said to be almost symplectic if
there exists a 2-form ω ∈ Ω2(M) = Γ(M,∧2T ∗M) which is symplectic at every point.

Example 2.8 (Flat Example). Let us consider M = W a symplectic vector space. Then ∧2T ∗W ∼=
W × ∧2W ∗ and we can endow it with a structure of an almost symplectic manifold by defining a
2-form ω equal to the standard one at every point. Referring to the previous example, we have a
basis e1, . . . , en, f1, . . . , fn of W which gives us coordinate functions pi, qi : W → R. Then at every
point ω is equal to dp1 ∧ dq1 + · · ·+ dpn ∧ dqn. Note that in this case dω = 0.

Definition 2.9 (Symplectic manifold). An almost symplectic manifold is said to be symplectic
if its associated 2-form is also closed. A symplectomorphism is a diffeomorphism f that pulls the
symplectic form on the codomain back to the symplectic form on the domain.

Example 2.10. – Every symplectic vector space W can be regarded as a symplectic manifold.

– For every manifold N , the cotangent bundle T ∗N has a canonical symplectic structure. Call
π : T ∗N → N the canonical projection and Tπ : T (T ∗N) → TN the tangent map to π.
Let us consider the Liouville form α ∈ Ω1(T ∗N) = Γ(T ∗(T ∗N)). For (p, β) ∈ T ∗N and
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X ∈ T(p,β)T ∗N we define α(X) = β(Tπ(X)). Then (T ∗N, dα) can be seen to be a symplectic
manifold.

– If dimM = 2 then ω is a symplectic form if and only if it is a volume form. In particular every
oriented surface is a symplectic manifold.
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