
Continuous complex model with diffusion
‌

Model :
‌

zt(x, t) = (µ + iω)z − z|z|2 + eiθA(x, t)
At = αz(x, t)− γA + DAxx

‌
Anzatz :
‌
z(x, t) = R(x)eiΩt+iφ(x)

‌
A(x, t) = ei Ω t α
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Let’s assume R(x) = R and φ(x) = βx :
‌
A(x, t) = ei Ω t αR
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So :
‌

A(x, t) = eiΩt αR
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‌
= eiΩt αR

β2D+iΩ+γ eiβx = αR√
(β2D+γ)2+Ω2

eiΩt+i arctan[Ω/(β2D+γ)]+iβx = z(x, t) α√
(β2D+γ)2+Ω2

ei arctan[Ω/(β2D+γ)]

‌
Verification :
‌
At = αReiΩt+iβx − γA + DAxx

‌
At = iΩA and Axx = −β2A
‌
iΩ 1

β2D+iΩ+γ = 1− γ 1
β2D+iΩ+γ − β2D 1

β2D+iΩ+γ
‌
(iΩ + γ + β2D) 1

β2D+iΩ+γ = 1 Ok!
‌
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Self-consistent equation :
‌
Ω = ω(x) + Im

(
1

z(x,t)e
iθA(x, t)

)
= ω + Im

(
α√

(β2D+γ)2+Ω2
ei arctan[Ω/(β2D+γ)]+iθ

)

‌

ω − Ω +
α

√
(β2D + γ)2 + Ω2

sin(arctan[Ω/(β2D + γ)] + θ) = 0

‌

‌
If θ = 0 we can write it as a cubic equation :
‌
sin(arctan[Ω/(β2D + γ)]) = Ω√

Ω2+(β2D+γ)2

‌
ω − Ω + αΩ

Ω2+(β2D+γ)2 = 0
‌
−Ω3 + Ω2ω − Ω[(β2D + γ)2 − α] + ω(β2D + γ)2 = 0
‌
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Stability :
‌
1) Need a stationnary solution
2) Can we get an homogeneous solution ?
3) Symmetries ?
‌
z(x, t) = ReiΩt+iβx

‌
A(x, t) = α

β2D+iΩ+γ z(x, t) = α√
(β2D+γ)2+Ω2

ei arctan[Ω/(β2D+γ)]z(x, t)

‌
Change of variable :
‌
y(x, t) = z(x, t)e−iΩt−iβx = R
‌
B(x, t) = A(x, t)e−iΩt−iβx = αR

β2D+iΩ+γ = B∗

‌
zt = (µ + iω(x))z − z|z|2 + eiθA(x, t)
At = αz(x, t)− γA + DAxx

‌
‌
yt = zte−iΩt−iβx − iΩy or (yt + iΩy)eiΩt+iβx = zt

‌
Bt = Ate−iΩt−iβx − iΩB or (Bt + iΩB)eiΩt+iβx = At

‌
Bx = Axe−iΩt−iβx − iβAe−iΩt−iβx, so Bx + iβB = Axe−iΩt−iβx

Bxx = Axxe−iΩt−iβx − 2iβAxe−iΩt−iβx + β2B
Bxx = Axxe−iΩt−iβx − 2iβ(Bx + iβB) + β2B
Bxx + 2iβBx − 3β2B = Axxe−iΩt−iβx

‌
Then :
‌
yt = (µ + i(ω − Ω))y − y|y|2 + eiθB(x, t)
‌
Bt = αy(x, t)− (γ + iΩ +3 β2D)B + D(Bxx + 2iβBx)
‌
Let’s define X = (y, B)T then we study perturbation like : X + (c1, c2)T eλteikx around the

stationnary solution :
‌
Let’s write the jacobian of the real system y = a + ib and B = c + id, X = (a, b, c, d)T

‌

Xt ≈





µ− 3a2 − b2 Ω− ω − 2ab cos(θ) − sin(θ)
ω − Ω− 2ab µ− a2 − 3b2 sin(θ) cos(θ)

α 0 −(γ + 3βD) Ω
0 α −Ω −(γ + 3βD)



 X+





0 0 0 0
0 0 0 0
0 0 D∂xx −2Dβ∂x

0 0 2Dβ∂x D∂xx



 X

‌
= (J + D)X = MX
‌
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Looking for function s.t. Mψ(x) = λψ(x)
‌
Since the solution is homogeneous the eigenfunctions should be : (c1, c2, c3, c4)T eikx

‌
If so :
‌

Dψ =





0
0

−Dk2c3 − i2Dβkc4

i2Dβkc3 −Dk2c4



 eikx

‌
The final eigenvalue problem can be written as (we can divide by eikx) :
‌


µ− 3a2 − b2 Ω− ω − 2ab cos(θ) − sin(θ)
ω − Ω− 2ab µ− a2 − 3b2 sin(θ) cos(θ)

α 0 −(γ + 3βD)−Dk2 Ω− i2Dβk
0 α −Ω + i2Dβk −(γ + 3βD)−Dk2



 ψ = λψ

‌
Need to evaluate it at the stationnary solution :
‌


µ− 3R2 Ω− ω cos(θ) − sin(θ)
ω − Ω µ−R2 sin(θ) cos(θ)

α 0 −(γ + 3βD)−Dk2 Ω− i2Dβk
0 α −Ω + i2Dβk −(γ + 3βD)−Dk2



 ψ = λψ

‌
Some spectra:
‌
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‌

‌
No zero eigenvalue ?
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