CHAPTER 2

p-adic numbers

1. Different absolute values, different distances
An absolute value |.|, defines a distance on Q by setting

dv(xyy) = |l‘ - y|v'
This gives QQ the structure of a topological metric space. Different absolute values yield
rather different topologies:

e the trivial valuation gives the discrete topology;

e the archimedean valuation |.|s gives the usual topology;

e the p-adic absolute value yields the p-adic topology. This topology is rather different
from the usual one. For instance, one has p” — oo (as n — o0) in the usual
topology, but p™ — 0 in the p-adic topology. More generally, an integer m has
small p-adic absolute value if and only if it is divisible by a large power of p: for
k > 0, one has

iml, <p~* < pFm.

Similarly, two integers are close to each other p-adically if and only if they are

congruent to each other modulo a large power of p:

—k

dy(m,n) =|m —nl, <p* < pFlm —n < m = n(modp").

In particular, integers can be arbitrarily close to one other for the p-adic distance,
while they are always separated by at least 1 for the usual distance.

EXERCISE 2.1. Prove that equivalent valuations yield the same topology on Q and that
inequivalent valuation yield distinct topologies.

As we know already the field of real numbers R is obtained by completion of the metric
space (Q, d). In this chapter, we discuss what happens when we replace the usual distance
by a p-adic distance.

2. Normed rings and their ompletion
Let us first recall the following

_ DEFINITION 2.1. Let (X, dx) be metric space. A completion of (X, dx), is a metric space
(X, dx) with is complete (i.e., every Cauchy sequence in X is convergent in X ) together
with an isometry (X,dx) — (X, dx) with dense image.

A completion always exists, and is unique up to isometry. It can be constructed as the
space of equivalence classes of Cauchy sequences (xy)n>1, Tn € X, two Cauchy sequences
(%n)n, (yn)n being equivalent if and only if dx (2, yn) — 0. The inclusion X < X is then
given by the map

x € X — equivalence class of the constant sequence ().

9
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The completion has the following property

PROPOSITION 2.1. Any (uniformly) continuous map X =Y to a complete metric space
(Y,dy) extends uniquely to a (uniformly) continuous map X — Y.

2.1. Normed rings. A normed ring (R,|.|) is a unital ring equipped with a norm,
that is a map
H :R— R>0
such that
o z|=0&2=0,
o |z 4yl <z +1yl,
o |zy| < lzllyl.
The norm defines a distance on R given by
dR(«T,y) = ’JZ‘ - y’
Let (R*, x) denote the group of units (i.e., invertible elements) of R. Recall that R is
a field it R* = R — {0}.

PROPOSITION 2.2. The addition, multiplication, and inversion maps

+,Xx:Rx R— R,
()7t R* — RX
are continuous with respect to to the corresponding topology.
EXERCISE 2.1. Prove the above proposition.

We may give the completion R of a normed ring (R, |.|) the structure of a ring by defining
the addition and multiplication laws on R to be those induced by elementwise addition and
multiplication on the space of Cauchy sequences, i.e.,

(an)n + (bn)n - (an + bn)na (an)n X (bn)n - (an X bn)n

PROPOSITION 2.3. The completion of a normed ring (R, |.|) is a normed ring for the
norm

|z = dg(0, ).
If R is a field, then R is also a field.

PRroor. This is a consequence of Proposition 2.1 applied to the addition, multiplication
and inversion maps using Proposition 2.2. O

One reason to work with rings is that one can also consider series. Let us say that a series
>, an with terms a,, € R (taken over n € N, say) is absolutely convergent if _  |a,| < oo.
Recall also that ) a, is convergent (in R) if its partial sums converge to some element of
R.

PROPOSITION 2.4. In a complete normed ring (R, |.|), an absolutely convergent series
18 convergent.
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2.2. p-adic numbers. We apply the above results to the normed ring (Q, |.|,) and its
subring (Z, |.|y) for v = 0,00 or p a prime number.

We denote the corresponding normed field and ring by (Qy,|.|») and (Z,,|.|,). Note
that Z, is naturally a subring of Q,: in fact, it is the closure of Z in Q,.

We have

Lo =7,Q = Q, Zoo =7, Qo =R.
For the p-adic valuation |- |, one obtains a new type of ring and field:

DEFINITION 2.2. The completion Q, of Q relative to |.|,, is called the field of p-adic
numbers. The subring Z,, C Q, is the ring of p-adic integers.

3. Arithmetic and analysis on p-adic numbers

In this section we discuss in greater detail the topology and the arithmetic of Q, and
Zy,. We make the following

DEFINITION 2.3. Forr > 0 and x € Qp, the open ball of radius r centered at x is the
set

Bo(z,7) ={y € Qp, ly —z|p <7} =+ B,(0,7)
and the closed ball is the set
Be(z,r)={y € Qp, |y —z|, <1} =2+ B.(0,7).

Thus for z € Q, and r > 0, the open and closed balls B,(z,r), B.(z,r) form a basis
of respectively open and compact neighborhoods of Q,. In fact, since Q is dense in Q,, it
suffices to consider only those = € Q.

3.1. p-adic expansion. Let us make the completion process a bit more explicit. Let
() (taken over n > 0, say) be a Cauchy sequence in (Z, |.|,); by definition, this sequence
represents some element x € Q,. For each £ > 1, there exists N, > 0 such that for
m,n > Ny, one has |z, — zp|p < p~F, or in other words,

Ty = 2y, (mod p*).
We expand the integers x,,, x, in base p, as follows:
T = Zamej, Ty = Zan,jpj, Um,j, Gnj € [0,p —1].
>0 >0
The above congruence then implies that
Z am,jpj = Z an,jpjv
j<h—1 j<k—1

or in other words, that a,, ; = ay ; for all m,n > Nj and j < k — 1. In particular, for each
J = 0, the sequence (ay,_j)n (which takes values in the finite set {0,--- ,p—1}) is eventually
stationary. We let a; denote its limit. Consider the series

E ajp] .
320
This series is absolutely convergent, since

Z |ajpj|p < prj < 0.

j=0 320
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We claim that

Z a;p’ = x.

720
Indeed, from the above discussion we have that for every k£ > 1 and j < k — 1, there exists
Ny, such that for n > Ni, a,; = a;, hence for such n,

A . e
20— Y ap =1 aniplly <pF
j<k—1 j>k
In particular
Tt Ny — Z ajpj — 0, k— oo.
J<k—1
Since xn,+r — , the claim follows. We have proven the main part of the following result:

PROPOSITION 2.5. Any p-adic integer x can be written in a unique way as a convergent
series

T = Z aj(x)pj, aj(xz) €{0,--- ,p—1}, avp(x)(:v) # 0.
Jjzvp(x)
Here vy(z) is the p-adic valuation of x and is defined by the formula

‘:L'|p — p_vp($) .

This series is called the p-adic expansion of x and the aj(x) are the coefficients of this

exTpansion.

PROOF. Given = # 0, we have proven that there exists a sequence (ag(z))r = 0 €
{0,--- ,p — 1} such that

xr = klirgoxk, T = Zaj(:):)p7.
i<k
Let ko = inf{k > 0, ax(z) # 0}; for k > ko we have

—ko _

vp(Tk) = ko, |klp =p || ps

which prove that the expansion of x starts precisely at the index v,(x) defined above.
Let us show that this expansion is unique. Suppose that x has two distinct expansions

v Y = Yy
>0 >0
and let jo = inf{j, a; # a;} > 0. We consider the partial sums of these series
o= Yo, = i
J<k J<k

for k > jo we have |xy, — 2|, = p~7° contradicting that limy_,0 |25 — 2|, = 0. O
We can extend this result to a full p-adic expansion of p-adic numbers:

PROPOSITION 2.6. Any p-adic number x can be represented in a unique way by a con-
vergent series

T = Zak(az)pk, ag(z) € {0--- ,p—1}

keZ
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in this summation, it is understood that the coefficient ar(x) are zero for all k < K, for
some value K, depending on x. More precisely one has

2l = p~®), vp(2) = inf{j > 0, a;(x) £ 0} € Z.

The proof follows immediately from the following important
THEOREM 2.1. One has the equality
Zy, = B.(0,1)
where B.(0,1) = {x € Qp, |z|, < 1} denote the closed unit ball of Q.

PROOF. (of Prop. 2.6) Since multiplication by a power of p result in a shift in a p-adic

expansion:
Py ap(@)pt = ap_m(@)p”,
kEZ keZ
we may assume that |z|, = 1 and therefore that = belongs to Z, hence admits a unique
p-adic expansion. O

COROLLARY 2.1. For x € Q, we have
|z|, = p (@), vp(z) = sup{k € Z, p e Zp}.
EXERCISE 2.1.
3.2. The structure of the ring of p-adic integers. In this section, we prove The-
orem 2.1: obviously one has Z, C B.(0,1) (since Z C B.(0,1)). To prove the converse we

note that a
QN B:(0,1) =Zg) = {3, a,b€Z, (bp) =1}

Since Zy) is dense in B(0,1) it will suffice to show that any element of this set can be
approximated by an element of Z to arbitrary precision. Since is coprime with p it is coprime
with p" for any n > 1 and there exist (Bezout) u,v € Z such that

ub+ovp" =1
and hence
1 n v o,
C— w4+ —
b b?
and
g = aqu + Qpn
b b
therefore a v
12 —auly = 59" <p"

g

REMARK 3.1. The set Zgy = QN B.(0,1) of rational numbers whose denominator is
prime to p is a ring (this is the intersection of two rings): this is the localization of Z at the
prime ideal pZ. As such this is a local ring (it has only one maximal ideal pZ,)).

Theorem 2.1 is an illustration of how different the p-adic topology is from the usual one:
this theorem shows the equality of two objects of fairly different nature: the ring Z, which
is an algebraic object and the unit ball B.(0,1) which is of a more geometric nature (but
still is invariant under addition !)

This theorem is consequence of two rather distinguished features of | - |, by comparison
with the usual absolute value which we now spell out:
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e |- |, satisfies the ultrametric inequality

(3.1) Va,y € Qp, [+ ylp < max(|zfp, [ylp)-

Note that if |x|, # |y|, this inequality is an equality.
e The restriction to Q of | - |, takes discrete values:

(3:2) Q1 = p”.
Using these we complete our study of the structure of Zj:

THEOREM 2.2. The ring Z, enjoy the following properties:

(1) Z, is a compact subring of Q, and is mazimal for this property (any compact
subring of Qp is contained in Zy).

(2) Z, is open.

(3) The group of units Z, is precisely the unit circle C(0,1) = {x € Zy, |z|, = 1}.

(4) The ideals of Z, are exactly the closed balls

BC(O,T) = {I’ € Qp7 |‘T|p < T}

for some r < 1. More generally, the Z,-module M C Q, distinct from Q, are
exactly the closed balls B.(0,r) for some r > 0.
(5) Zy, is a principal ideal domain with a unique mazimal ideal,

pr = Bc(o’ 1/]9)

and any Zy-module contained in -but distinct from- Q, is generated by pk for some
ke Z.
(6) For any k > 0, the inclusion Z — Z,, induce the isomorphism

Zy/P"Ly ~ L/ .
In particular Z,/pZ, is the finite field Z/pZ = F),.

PROOF. - Since Z, = B.(0,1), Z, is closed, bounded, hence compact. Let R C Q, be
a compact subring, then it is bounded. Suppose that there exist « € R with |z[, > 1 then
|z"|p = |z[; — oo contradicting the boundedness of R, therefore R C B.(0,1) = Z.

- Zp = B:(0,1) = B,(0, p) is open.

- Since |z, = |z[, !, C(0,1) C Z, is stable under multiplicative inversion and therefore
contained in Z). Conversely given z,y € Z, such that xy = 1, we have |z[|y[, = 1 and
|Z]p, [ylp < 1 which imply that |z|, = [y,| = 1; this implies that Z) = C(0,1).

- Let M C Qp be a Z,-module distinct from {0} and Q, and let z € Q, — M. Given
y € M — {0} we have Z,.y C M and Z,.y = B.(0, |y|p). This imply that |z|, > |y|, and
therefore M C B.(0, |z,|/p). If M # {0} (otherwise we are done), |z|, is bounded from
below by a positive number and since |z|, € p% we may assume that z € Qp — M is of
minimal absolute value with this property and if follows that

M = Zpy = Bc(07 |y’p)

for any y of valuation |z|,/p.
- The isomorphism Z,/p*Z, = Z/p*Z follows from the density of Z in Z,. O
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EXERCISE 2.2. Show that if A = {ag,---,ap—1} C Z, is a set of representatives of
Zy/pZLy, any x € Q, can be represented in a unique way as a series of the shape

S anla A, an(wsA) € A, ay, (a3 4) £ 0(pZ,).

kZzvp(x)

EXERCISE 2.2. Compute the 7-adic expansion of —6, —1, 1/3 for the usual set of rep-
resentatives; same question for —2/3.

3.3. Z, as an inverse limit. The ring Z, can be given a purely algebraic construction
as an inverse limit: Let (N, <) be a partially ordered set and let (R,,),en be a colection of
rings indexed by N; for each pair (m,n) € N? with m < n we are given a map

Tnm : By — Ry

such that
Tm,m = Idg,,, foreach k <m<neN, fuor= famo fmk
then the inverse limit of the (R,,),en with respect to the system of maps (rn,m)(m n)EN? is

m<n

the following subring of the direct product ring [],, .y Rn

Hm R, = {(xn)nen € H Ry, Ym < n, Tm = TpmTn} C H R,.
neN nenN neN

If N =N (equipped with the natural ordering) we have setting r,, = rp41.

yﬁl Rn = {(xn)nEN € H RTL7 Vn > 07 Tn = 7Anxn—l—l}-
neN neN

EXERCISE 2.3. Prove that Z, ~ @n>l Z/p"Z where 1y : L/p"L — Z/p™Z is the
reduction modulo p™ map.

3.3.1. The profinite completion. The above construction of Z, as an additive group is
also a special case of another example of inverse limit: the profinite completion of a group:
given G a group, let N = {H C G, H normal, |G/H| < oo} be the partially ordered set
of the normal subgroups of G of finite index inversely ordered by inclusion (for H, H' C G
two normal subgroups of finite index, we declare that H < H' iff H D> H'). For H < H’
(H' C H) we let

TH' H : G/Hl — G/H
be the canonical map. The inverse limit

G=1mG/H
H

is the profinite completion of G.
3.4. Further surprises with the p-adic topology.

PROPOSITION 2.7. Open balls are closed and closed ball are open (for the p-adic topol-
ogy). In particular Q, is totally disconnected (the only connected subsets are points). Every
point of an open ball is a center of that ball:

Vy € Bo(xar)a BO(.Z',T') = BO(y7T)7

Any ball is of the shape
x4 p*B.(0,1), k € Z.
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EXERCISE 2.4. Prove the proposition.
Concerning suite and series p-analysis look like a ”student dream”:

PROPOSITION 2.8. A sequence in Qp, (an)n is Cauchy if and only if an41 —an — 0. A
series in Qp, > o2 | an is convergent if and only if lim, a, = 0.

For instance

> 1
n_ _ -

Z .
n2
n=>1

while the series

is diverging.

EXERCISE 2.3. Show that the series

exp,(zP1) = Z Lp—l)n log,(7) = Z 7(_1)71_%”

n! n
n>0 n>1

converge for ||, < p~! and |z|, < 1 respectively.

3.5. Continuous functions. The space of continuous function on @Q, or on an open
subset of Q, is fairly rich: it contains obviously the polynomial as well as power series

>
n=0
if |apa™|, — 0 for some = # 0.

Another class of continuous functions are the locally constant functions:

DEFINITION 2.4. Let Q C Q, an open subset. A function f : Q — C is locally constant
if for any x € Q there exist an open neighborhood 2, C Q on which f is constant.

A locally constant function is clearly continuous however unlike over the reals, there are
plenty of locally constant functions which are not constant. For instance the characteristic
function of Z,, in Q, is continuous !

4. Newton’s method and Hensel’s lemma

In archimedean analysis, Newton’s method is a way to find approximation to a solution
of the equation P(z) = 0 for some function P starting from a point z( close enough to that
solution. The principle is to consider the intersection of tangent to the graph of f through
the point (zg, P(xo)) with the horizontal axis which gives the point (z1,0) and to iterate
the process with x1... In this section we provide an analog to Newton’s method in the p-adic
setting for P € Z,[X] is a polynomial and when we search for a root in Z,,.

THEOREM 2.3. Let P € Z,[X| and xq € Z, such that
|P(xo)lp <1, [P'(wo)lp =1

then the sequence defined recursively by

Tntl = Tp —
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is well defined for every n > 0, belong to Z, and converge to a root T of P in Z, which
satisfy |xoo — xolp < 1.

Let us give an arithmetic interpretation of this result: consider the reduction modulo p
map which takes value in the finite field [F):
-(modp) : Z, - Zp/pZLy = L/pZ = F).
Any polynomial P € Zpy[X] define a polynomial P (modp) € F,[X] by reduction of the
coefficient modulo p. The condition
|P(zo)|p < 1, [P'(z0)|p =1
is equivalent to
xo (mod p) is a simple root of P (mod p).
The above theorem says that a simple root Z € I, of a polynomial with integral coefficients
P(X) € Zp[X] (P(%) = O,) can be "lifted” to a root = € Z, (such that z (modp) =7 ).
PRrOOF. To give a fell of what is going on we start by checking that the sequence is well
defined: let h,, = —P(x,)/P'(z,) whenever it is defined so that
Tptl = Ty + hp.
By assumption we have |ho|, < 1 < hg = 0(mod p) and therefore (since P, P’ € Z,[X])
P(z1) = P(z0) (mod p), P'(z1) = P'(z0) (mod p)
showing that |P(x1)|, < 1, |P'(z1)|, = 1. Clearly this generalize to any n showing that

that (), is well defined. Let us assume that |h,|, < p~*, we will evaluate P(z,41) =
P(xy, + hy,) using the Taylor expansion of P. For this we use the general lemma:

LEMMA 2.1. Let R be a ring and P € R[X]|, one has the following identity

deg P
P(X+Y) Z Plr(x

where
PH(x) e R[X], PPY(X) = P(X), P(X) = P'(X).
REMARK 4.1. If R is contained in a field of characteristic 0,
PE(x) = PR (X)/k!.
By this lemma we have

P(X,)
P(xpt1) = P(zy) — P’(( )+ Z PE(z,)n Z PE (2, hE = 0 (mod p)?»;
k>2 k>2

therefore we have proven that

|P(xn+1)|p = |hn+1‘p = |[Tpy1 — $n’p A, |p
It follows that for allm > 0
_on

|hn‘p = ‘P(ifn)‘p = ‘xm—l - $n’p <p — 0.

Therefore (), is a Cauchy sequence converging to x, satisfying

Too — Tnlp <2, P(2) = 0.
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EXERCISE 2.4. Prove that v/2 exists in Q7 and compute its 7-adic expansion up to 10
digits.

4.1. The Teichmueller character. We apply this to the polynomial
P(X)=XxP"1_1.

COROLLARY 2.2. There exists an injective group homomorphism (called the Teich-

mueller character):
wp : F; — Z;
whose image is the group of p — 1-roots of 1
WP(FI);) = tp—1(Qp) = {7 € Qp, aP !t = 1} C Z;

which is an inverse for the reduction modulo p map on pip,—1(Qp)

Vu € FX

> wp(u) (modp) = u.

In particular {0} Uwy(F)) is a sytem of representatives of Zy/pZy.

EXERCISE 2.5. Prove that for any a € Z,' with |a|, = 1, the sequence (aP")p>1 converge
to wp(a (modp)).

4.2. Points on hypersurfaces. Hensel’s lemma can be generalized in several dimen-
sions and makes it possible to prove the existence of point on algebraic varieties over Q.
We discuss here the case of hypersurfaces: given P(Xq,---X,) C Qp[X1,---, Xy], the set
of Qp-point of the hypersurface defined by P is the set

VP(QP) = {X = (331,' o 71‘71) € QZ, P(X) = O} - Qg
We denote by
Vp(Zp) = VP(Qp) N ZZ
the set of Zy-point. We are looking for sufficient condition to guaranty that

Vp(Qp) # 0.

Obviously it is sufficient to show that Vp(Z,) # 0; up to multipliying P by a scalar we
may assume that P € Z,[X;,---, X,,]. If x € Vp(Z,) we have P(x) = 0 and in particular,
considering reduction modulo p, = x (modp) € (Z,/pZ,)" = F, and P = P (modp) we
have

F(i) = O]FP’
In other terms we have
Vp(Zy) # 0 = Vp(F,) # 0
where
Ve(Fp) ={x= (21, ,2,) € Fy, P(x) = 0}
is the set of IF,,-points of the hypersurface defined by the equation:
P(x)=0
We would like to go in the reverse direction and find sufficient conditions to insure that

Vp(Fp) # 0 = Vp(Zy) # 0.

For this we use an extension and Hensel’s lemma and we make the following definitions:
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DEFINITION 2.5. A point x € V(F)y) is critical if is satisfies
— oP oP
VP(x) =(=— cee = 0.
() = (5,00 5 ()
The hypersurface V5 is non-singular over ), if V5(F,) does not have any critical points.

THEOREM 2.4 (Higher dimensional Hensel’s Lemma). Let P € Zy[X]|. We have the
lower bound

Ve(Zy)| = [V (Fp)|
where VZ(Fp) denote the set of non-critical points of Vi(Fp).

EXERCISE 2.5. Prove the Theorem.

4.3. The Chevalley-Warning theorem. We now look for conditions to insure that
Vp(F,) # 0 and a simple criterion comes from the

THEOREM 2.5 (Chevalley-Warning). Let P(x) € Fplx1,--- ,x,] be a polynomial in n
variables of degree d < n, then

[Vp(Fp)| = 0 (mod p).
in particular if [Vp(Fp)| > 0 then |Vp(Fp)| > p.
EXERCISE 2.6. Prove the theorem. For this one introduce the polynomial
Q(x) =1 PP € Fy[Xy, -, Xp);
it has degree d(p — 1) < n(p —1).
(1) Prove that
0 = {1& if x € Vp(F)
Op, ifx¢ Vp(Fp)
(2) Deduce that
Ve(Fp)| = ) Qx) (modp).

S

(3) Prove the following

LEMMA 2.2. Given k > 0 be an integer we have

Zxk_{_l l:fp—lfk
cFy 0 ifp—1 fk.

(4) Prove that
Y Q) =0
xeFy
and conclude. For the later, one can proceed by decomposing Q(X7y, -+, X,) into
monomials and use the previous Lemma.

COROLLARY 2.3. Let P € F,[Xy,---,X,] be an homogeneous polynomial of degree
0<d<n, then

VP (Fp)| = p.
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COROLLARY 2.4. Let P € Zp[Xy,---,X,] be an homogeneous polynomial of degree
0 < d < n, such that P € F,[X1,- -+, Xy] has no critical points except for (0,---,0), then
there exists x € Zy, —{(0,---,0)} such that P(x) = 0.

EXERCISE 2.7. Prove these two corollaries



