TOPICS IN NUMBER THEORY - EXERCISE SHEET 1

ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE

Ezxercise 1 (Non-vanishing of Dirichlet L-functions on the line R(s) = 1)
Let ¢ > 1 and let x be a Dirichlet character modulo q. Let also L(x,s) be the
Dirichlet L-function defined for R(s) > 1 by

X

n>1

The goal of this exercise is to prove that L(x,s) # 0 for R(s) = 1. This generalizes
the result of Dirichlet which asserts that L(x,1) # 0.

Steps. —  (I) Let (4(s) be the function defined for R(s) > 1 by

(1)

(111)

G = [ Lies)=3 %

x (mod q) n>1 n’
and the opposite of its logarithmic derivative
_CLII(S) _ Z Ag(n)
CQ(S) n>1 ns
Compute Ag4(n) and check that Ag(n) > 0.
Let t € R4 and let Hy (s) be the function defined for $(s) > 1 by
Hyi(s) = Cq(s)3(Cq(s +it)(y(s — it))Q(q(s + 2it)(, (s — 2it),
and the opposite of its logarithmic derivative
H(; zt( ) _ Z M

H(Iﬂt(s) n>1 ns

9

Prove that these two functions extend meromorphically to the open half-plane
{s € C,R(s) > 0}, and that A, ;(n) > 0.

We assume that there exists a Dirichlet character x such that L(x,1+it) =0
for some ¢ € Rzp. Check that a4(n) € R for any n > 1, and deduce that
Hy (1) = 0. Prove also that —H; ;,(s)/Hqy,it(s) has a simple pole at s = 1

and that
H! ..(s)
q,it
ress—1 | — < 0.
1( Hq,it(5)>
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(IV) Find a contradiction by examining the Laurent expansion of —H; ;,(s)/Hg,it(s)
at 1. Conclude.

Ezercise 2 (The Prime Number Theorem in arithmetic progressions)
Let ¢ > 1 and a € Z coprime to q, and let also

P(ziga)= Y. An).

n=a (mod q)

The goal of this exercise is to prove that the results of Fxercise 1 imply

(14 04(1))-

T

Y(x;q,a) =
( ) v(q)
We will also make use of the following lemma.

Lemma. — Let f : R>; — R be a piecewise continuous function whose absolute
value is bounded. Then the function F(s) defined by the integral

F(s) = /1 TRt de

is holomorphic in the open half-plane {s € C,R(s) > 1}. Moreover, if F(s) extends
meromorphically to an open neighborhood of the closed half-plane {s € C,R(s) > 1}
and if it is holomorphic on the line {s € C,R(s) = 1}, then the integral

/oo ft)t Lt
1

is convergent and equals F(1).

Steps. —  (I) Let L(A -6, (mod q),5) be the function defined for $(s) > 1 by
Aln
L(A'(Sa (modq)?s): Z T(ls)
n>1
n=a (mod q)

Write L(A -6, (mod q), S) as a linear combination of the logarithmic derivatives
—L'(x,s)/L(x, s) and show that the function

1 S
pla)s—1
extends meromorphically to the open half-plane {s € C,%(s) > 0} and that
it does not have poles in the closed half-plane {s € C,R(s) > 1}.

(IT) For ¢t > 1, we set

L(A ’ 5(1 (mod q)as) -

1 t
f, t :(¢t7qaa _>'
q a( ) t ( ) SO(Q)
Prove that f,,(t) is a piecewise continuous function whose absolute value is
bounded.
(III) Prove that for R(s) > 1, we have
1 s

LA -8y mod o1, ) — —— :—/OO LBt
( (mod q) S) QO(C])S—l S 1 fq,()
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(IV) Prove that the integral

/100;2 (ib(t; q,a) — sOth)) de

is convergent and that for every fixed A > 1, we have

Az

lim B <@Z)(t; q,a) — t)> dt = 0.

z—00 Jo t2 (P(q

(V) Prove that for every € > 0, there exists xo > 1 such that for every x > xg, we
have

Y(x;q,a) < <90(1Q) + 6) x.

For this, assume that there exists a sequence (xy,),>1 going to infinity, and
such that for every n > 1,

U(zn;q,a) > (go(lq) + 6) T,

and find a contradiction.

(VI) Conclude.

Ezercise 3 (On the number of zeros of the Riemann zeta function)

Let N(T') be the number of zeros s = o+it of the Riemann zeta function satisfying
0<o<1land0<t<T, counted with multiplicities. The goal of this exercise is to
prove that

T T T
N(T) = —log — — — + O(logT).
27 2r 2w
Steps. —  (I) Let £(s) be the function defined by

&(s) = %s(s — )71 (;) ¢(s).

Prove that 2rN(T) = Arargé&(s), where R is the rectangle with vertices 2,
2+4T, —1 44T, —1 described in the positive direction, and Agr denotes the
variation of £(s) along the rectangle R.

(IT) Using the functional equation satisfied by £(s), prove that
T T T 7 1
N(T)=log— — — +8(T) + - -

(1) =5l gr = gp +5( )+8+O<T)’

where 7S(T) = Aparg((s) and L is the path of line segments joining 2 to
2 +iT and then to 1/2 +iT.

(III) Prove that

5 < logT,

1
zp: 1+ (T = S(p))

where the sum is over the non-trivial zeros p of the Riemann zeta function,
counted with multiplicities.



4 ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE

(IV) Let s = o + it with —1 < ¢ < 2 and ¢ not equal to an ordinate of a zero.
Prove that
¢'(s)

ro 1
() zp: E‘FOUO%“D,

where the dash on the summation indicates that it is restricted to those p for
which |t — S(p)| < 1.

(V) Use the last step to conclude that S(T') < logT.

To go further. — Using a similar method, one can prove an analog result for
Dirichlet L-functions. Let ¢ > 1 and let x be a primitive Dirichlet character modulo
q. Let also N(T,x) be the number of zeros s = o +it of L(s, x) satisfying 0 < o < 1
and =T <t < T, counted with multiplicities. We have

qT

1 T T
SN(T.y) = —log 2= — = 4+ O(log qT
5 (T, x) 51085~ o+ (log qT)).

Ezxercise 4 (Weil’s explicit formula). — Let ¢ € C®(Rsq) and let ¢ be its
Mellin transform. We define the function ¢ by $(z) = 2 1p(x~t). We have the
identity

n>1

where the sum in the right-hand side is over all non-trivial zeros p of the Riemann
¢ function, counted with multiplicities, and where

Coo(s) = /2T (;) .

Steps. —  (I) Recall the definition of the function &(s) given in Exercise 3. Prove
that
1 §'(s) . 1 (1 1 & (8)) .
— s)ds = — . 4 2= s)ds — A(n)p(n
ot S €090 = 3 o (5 57 ) PN~ T AIol)

(IT) Let T" > 1 and let Ry be the rectangle whose vertices are 3/2 £+ T and
—1/2 £4T. Prove that

1 §'(s)

o7t 5(S)@(S)dSZ 2 o(p),

and also that
§'(s) . 1 €'(s) .
ng  2mi /(3/2) () P15 2m/< 1oy E(s) P

(III) Use the functional equation to prove that

RO V
ZSO = o /(3/2) (S + s 1 + Coo(S)) (B(s) +@(1 =) dS—Z A(n) (p(n) + ¢

n>1

(IV) Conclude.

V ) L (), =)
Z(Qp(n)—i—(p(n))[\(n) - ng 27TZ /1/2 (Coo(s) * Coo(l_s)>(p(8

)ds,
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Ezxercise 5 (Consequence of the Generalized Riemann Hypothesis)

Let ¢ > 1 and a € Z coprime to q, and recall the definition of ¥ (x;q,a) given
in Exercise 2. The goal of this exercise is to prove that the Generalized Riemann
Hypothesis implies that

b(wig,a) — —— < a'/2(log)?,

v(q)

where the constant involved in the notation < does not depend on q.
Steps. —  (I) Assuming the Riemann Hypothesis, prove that
(@) — @ < 22(log z)?,

where, as usual,

bl) = 3 Aln).
n<x
To do this, use the following approximate explicit formula, which is valid if
the distance from z to any prime power is, say, at least 1/2,

x? '0) 1 z(log Tx)?
P(r) == - Zp: p—i((0;+210g(1—x_2)+0<(g})>,

where the sum is over the non-trivial zeros p of the Riemann zeta function,
counted with multiplicities.

(IT) Let x be a non-trivial character modulo gq. Assuming the Generalized Riemann
Hypothesis, prove that

¥(z, x) < 2'/*(log gz)?,
where, as usual,
d(a,x) =Y Aln)x(n).
n<x
To do this, use the following approximate explicit formula, which is valid if
the distance from z to any prime power is, say, at least 1/2,

B x X, gtm2m z(log q¢Tx)?
o(a, x) = — Zp: — - —«4)(10gfv+b(><))+mX::1 51O <T> :

IS(P)I<T

where the sum is over the non-trivial zeros p of the L-function L(s, x), counted
with multiplicities, and £ = 0 if x(—1) =1, £ =1 if x(—1) = —1, and finally

0= (o )

(III) Conclude.

To go further. — On average over the residue classes modulo q, one expects much
more to be true. Assuming the Generalized Riemann Hypothesis, one can prove that

) (wawn—“’f<x®mm%

a (mod q) gp(q)

where the summation is over a coprime to q. What does it imply on the average size
of |Y(x;q,a) —x/p(q)| as a varies?
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Exercise 6 (On the least prime in an arithmetic progression)
Let g > 1 and a € Z coprime to q. Assuming the Generalized Riemann Hypothesis,
prove that there exists a prime number p = a (mod q) satisfying p < ¢*>(log q)*.

Ezxercise 7 (On the least quadratic non-residue). — Let g be prime and let
n(q) be the least quadratic non-residue modulo q. Assuming the Generalized Riemann
Hypothesis, prove that n(q) < (logq)*.

Exercise 8 (The Class Number Formula for imaginary quadratic fields)
Let K be an imaginary quadratic field and let Ok be the ring of integers of K.

We let wg be the number of roots of unity in K, and Disc(K) be the discriminant

of K. We also let hi be the class number of K, that is the cardinality of the group

C(K) = I(K)/P(K),
where I(K) is the free abelian group generated by prime ideals of O, and P(K) is
the subgroup of principal ideals. If I is an ideal of Ok, recall that its norm N (I) is
defined by

N(I)=#0Ok/I.

We define the Dedekind zeta function of the field K by the formula

Cr(s)= Y, N(I)™,

I1COk

which is valid for R(s) > 1, and where the sum is over all ideals I of Ok . Prove
that (i (s) has a simple pole at s = 1 and that

B 2mhg
ress=1 (i (s) = wi | Disc(K)[1/2
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