TOPICS IN NUMBER THEORY - EXERCISE SHEET II

ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE

Ezxercise 1 (The Pdlya-Vinogradov inequality). — Let ¢ > 1 be an integer
and let x be a non-trivial Dirichlet character modulo q. Let also H, N > 1. Prove

that
N+H

> x(n) < ¢'?logg.
n=N+1

Steps. —  (I) Prove that it suffices to deal with the case where x is a primitive
character modulo gq.

(IT) If x is a primitive character modulo g, recall that
Tx(n) = 7 (1)x(n),
where the Gauss sum 7, (n) is defined by
an
nm= ¥ xae ().
a (mod q) q

where e(x) = 2%,

Ezxercise 2 (On the least quadratic non-residue). — Let ¢ be prime and let
n(q) be the least quadratic non-residue modulo q. Prove that n(q) < q/? logq.

To go further. — Recall that the Generalized Riemann Hypothesis implies that
n(q) < (logq)*. Unconditionally, one can prove that n(q) < q1/4€1/2+5 for any fized
g > 0. What is the bound we obtain if we use Lemma 1 given in Ezxercise 5%

Ezxercise 3 (The Hadamard three-lines Theorem). — Let 01,02 be two real
numbers such that o1 < oa. Let also f be a holomorphic function of finite order in
the strip {z € C,01 < R(2) < 02}. Suppose that the quantities
M(o) = sup |f(z)]
R(z)=0

exist for 0 = o1 and 0 = oo. Then, for o1 < o < o9, M(o) is well-defined.
Moreover, log M (o) is a convex function on o1 < o < 9. In other words, for
0<u<1, we have

M(um + (1 — U)O'Q) < M(O’l)uM(Ug)lfu.
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Steps. —  (I) By considering the function z — mf(z)e** where

M (03)%! 1/(o2—01)
- (M(m)”?)

)

and

A= L log (M(Ul)> )

o9 — 01 M(o3)
check that it suffices to prove the result for M(o1) = M(03) = 1.

(IT) To deal with the case M(o1) = M(o2) = 1, use the Maximum Modulus
Principle.

To go further (The Hadamard three-circles Theorem)

It is easy to check that the following result follows from Ezercise 3.

Let r1,79 be two real numbers such that r1 < ro. Let also f be a holomorphic
function in the annulus {z € C,r1 < |z| < ro}. Forry <r <ry, define

M(r) = ls?:p | f(2)]-

Then log M (r) is a convex function of logr onr; <r <.

To go further (The Phragmén-Lindelof Principle). — In Ezercise 4, we will
make use of the following generalization of the result of Exercise 3.

Let 01,09 be two real numbers such that o1 < o9. Let also f be a holomorphic
function of finite order in the strip {z € C,01 < R(z) < 02}. Suppose that we have
the bounds

|f (o +it)] < M;(1+ [¢])%
for 3 =1,2, and for some My, My € R>g and aq, 0 € R. Then, for 0 <u <1, we
have
|f(uoy + (1 = u)og +it)] < MMy~ (1 + [t)0reto(=),

Ezercise 4 (Convexity bounds for Dirichlet L-functions)
Let x be a Dirichlet character modulo q, and let d,e > 0 be fized. Prove that we
have

L(x,0+it) < 1,
uniformly in q and t, in the region o > 1+ 6. Prove that this bound implies that
L(x, 0 +it) < (q(1 + [¢])"/*7,

for o < —0. Deduce that

L(x, 0 +it) < (q(L+ [t]) /27772,
for0 <o < 1.
To go further (Terminology). — The upper bounds

L(x, 0 +it) < (q(L+ [t])/277/%+,

in the region 0 < o < 1, are called the convexity bounds for Dirichlet L-functions.
Any bounds improving upon these are called subconvexity bounds. Ezxercise 5 gives
examples of such bounds.
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Ezxercise 5 (Subconvexity bounds for Dirichlet L-functions)
In this exercise, we assume that we know the following result.

Lemma 1. — Let € > 0 be fized. Let ¢ > 1 be an integer and let x be a non-trivial
Dirichlet character modulo q. Let also H, N > 1. We have the bound

N+H
Z X(n) <<H1/2q3/16+5.
n=N+1

Let € > 0 be fixred. Prove that, for any fired T > 0 and |t| < T, we have the
subconvezity bounds
L(X,O’ —|—Zt) < q(4750')/8+57
for0 <o <1/2, and
L(X,O‘ —|—Zf) < q(3—3a)/8+s’
for 1/2 < o <1, where the constants involved in the notation < may depend on T.
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