TOPICS IN NUMBER THEORY - EXERCISE SHEET III

ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE

Ezercise 1 (The Arithmetic Large Sieve). — Let N > 1 and M be a set of
integers contained in [1, N]. Let also P be a finite set of prime numbers. For each
p € P, let Q, CZJ/pZ be a set of residue classes modulo p and set Q& = (p)pep.
Define

SM,P,Q)={meM,VpeP m (modp) ¢ Q,},

Z(a) = Z ap,

neS(M,P.Q)
for any sequence a = (an)n<n of complex numbers. Assume that w(p) = |Q,| < p
for every p € P. Prove that for any Q > 1, we have

Z@P <(N+QHH™' > anl,
nesS(M,P,Q)

and

where
H= Z h(q),
q<@Q
where h s the multiplicative function supported on squarefree integers with prime
divisors in P which is defined by

w(p)
h =
P)=3= w(p)
Steps. —  (I) For a € R, let
S(a) = Z ane(an),
nesS(M,P.Q)
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)

where e(x) = €. Start by proving that for any squarefree integer ¢, we
2 *
h(@ISO)* <

have
S<a>
a (mod q) q

where the symbol * indicates that the summation is restricted to residue
classes a which are coprime to ¢q. Reason by induction on the number of
prime factors of gq.

(IT) Use the additive large sieve inequality to conclude.
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Exercise 2 (On Twin Primes). — Let Py be the set of prime numbers p such
that p — 2 is also prime and let mo(x) be the number of p € Py such that p < x.

Prove that
T

mo(x) K W

Deduce that .

Y -«

pPEP2 p

Ezxercise 3 (A Theorem of Linnik on least quadratic non-residues)

For q a prime number, let n(q) be the least quadratic non-residue modulo q. Let
e > 0 be fixed and N > 1. Prove that the number of primes ¢ < N such that
n(q) > N°¢ is bounded by a constant depending only on €.

To go further (A Theorem of Serre on rational points on diagonal conics)
The following statement is also a consequence of the Arithmetic Large Sieve. For
a,b,c > 1, let Copc be the conic defined in P?(Q) by the equation
az? + by? = ¢22,
and for B > 1, let
N(B) = #{(a7 b7 C) € Zg N [17 B]37Ca,b,C(Q) 7é (Z)}
We have
N(B) = o(B?).

Exercise 4 (The Bombieri-Vinogradov Theorem for the M&bius function)
Let A > 0 be fixed. Prove that there exists a constant B > 0 depending on A such
that

X

max p(n)| € ——,
q<ac1/2/z(%0g 0B a (mod q) r%:x (log x)A
- n=a (mod q)

where the mazximum is taken over integers a coprime to q, and where the constant
involved in the notation < may depend on A.

Steps. —  (I) Start by proving that the Mobius function satisfies the following
Siegel-Walfisz condition. For any A > 0, and for a,q > 1 two coprime integers,

Z puin) < %.

ot (log )
n=a (mod q)

(IT) Prove that for y,z > 1 and for n > max(y, z), we have

p(n)=— > wau®) + > wa)u(b).

abln abln
a<y,b<z a>y,b>z

(ITI) Follow the steps of the proof of the Bombieri-Vinogradov Theorem.
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Ezxercise 5 (The Barban-Davenport-Halberstam Theorem)
For a,q > 1 two coprime integers, we set as usual

P(ziga) = Y. An).

n<x
n=a (mod q)

Let A > 0 be fizred. Prove that there exists a constant B > 0 depending on A such

that )
S5 (vwen - ) < o

A )
g<a/(loga)® a (mod q) log )
where the constant involved in the notation < may depend on A.

2

Steps. —  (I) Rewrite the left-hand side using Dirichlet characters.

(IT) Use the Siegel-Walfisz Theorem and the multiplicative large sieve inequality
to conclude.

Ezxercise 6 (The Titchmarsh divisor problem). — Let 7 denote the divisor
function. Prove that there exists a constant ¢ > 0 such that

log 1
ZT(p—l):c:L‘—FO(aUOgOg:U).

ot log x
Steps. — (1) Start by using the fact that if n > 1 is not a square then
T(n) =2 Z 1.
dln
d<y/m

(IT) Use the Brun-Titchmarsh Theorem and the Bombieri-Vinogradov Theorem
to conclude.
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