TOPICS IN NUMBER THEORY - EXERCISE SHEET 1

ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE

Ezxercise 1 (Poisson Summation Formula). — Let S(R) be the Schwartz class,
that is

SR)={f € C*R,R), f¥(x) =0 ((1+]a)™*) k> 0}
For f € S(R), we define the Fourier transform f of f by
F(&) = x)e 2 .
O = [ s@eita

Prove that we have the formula

> fln) =3 f(m).

neZ meZ
Steps. —  (I) Check that the function F' defined for x € R by
F(z) =3 f(z+n)
nez

is well-defined and is periodic of period 1.
(IT) Compute the Fourier coefficients of F' and conclude.

Exercise 2 (On the theta function). — Let 0 be the function defined for x > 0

by
0(x) = Z e T
neEL
Prove that 0 satisfies the functional equation

1 1
for any x > 0.

Steps. — (1) For fixed z > 0, compute the Fourier transform of the function f,
defined for t € R by

fx(t) — e*ﬂxtQ.
(IT) Conclude using the Poisson summation formula.
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Exercise 3 (On the cotangent function). — Show that, for z € C\Z, we have

Teotmz =~ +22 ) ——s.
z — 22 —n?
Steps. —  (I) For fixed z € C \ Z, prove that for ¢ € [0, 7], we have

sintz (1 = (=)
cos zt = -+ 2z ———cosnt | .
T <z + nz::l 22 —n? )

To do this, compute the Fourier coefficients of the 27-periodic function ¢,
defined for ¢ € (—m, ] by ¢.(t) = cos zt.
(IT) Conclude.

Ezxercise 4 (On the Gamma function). — Let T' be the function defined for
R(s) >0 by

P(s):/ ¥ e dg.
0

Prove that I' admits a meromorphic continuation to C with poles only at the non-
positive integers, all of order 1. Prove also that, for n > 0, we have

(="
n!

Steps. —  (I) Prove that for R(s) > 0 and for m > 1, we have

resg——n I'(s) =

m—1
I'(s+m) H s+ )
7=0

(IT) Conclude.

Ezxercise 5 (Euler’s Reflection Formula). — Show that, for s € C\Z, we have

™

T(s)[(1 — s) =

sins’
Deduce that I' does not have any zeros in C.

Steps. —  (I) Show that, for 0 < R(s) < 1, we have
oo ps—1
T(s)T(1 — s) — /0 e
(IT) Deduce that, for 0 < R(s) < 1, we have
1 4s—1 1 4-s
T(s)T(1 — s) :/O ot |
(III) Prove that, for 0 < R(s) < 1, we have

1 = (=1)"
D)1= 8) =~ 425> 3(2 _)ng

(IV) Conclude using the proof of Exercise 3.
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To go further. — We can prove that, for s € C, we have

1 s s
I, 7 1 © —s/n
() se nl;[l ( + n) e )

where v is Euler’s constant. Euler’s reflection formula thus implies that, for s € C,

we have
sinTs 1 (1 82>
= - =,
s i’ n
Ezxercise 6 (On the Riemann zeta function). — Let ( be the Riemann zeta
function, that is the function defined for R(s) > 1 by
<1
C(s) = vt
n=1

In this exercise, we prove that ( admits a meromorphic continuation to C, with a
single pole at 1, of order 1 and with residue 1.
In addition, we prove that  satisfies the functional equation

wSﬂP<;)<®):n(1QﬂP<1;S)Q1—sL

for s € C~ {0,1}.
Steps. —  (I) Prove that for £(s) > 1, we have

527 (;) C(s) = /Ooo 2%/%1 (i e_“”2x> dx.

(IT) Use Exercise 2 to prove that, for $(s) > 1, we have
1 > > 2
_5/2F 5) _ / —(s+1)/2 s/2—1 —nx )
™ (2 (s) 73(3—1) + . (x +x ) nz::le dz
(III) Conclude.

To go further. — The functional equation shows that { has zeros at the negative
even integers. The Riemann Hypothesis states that all the other zeros of ¢ are on

the line R(s) = 1/2.

Ezxercise 7 (Bernoulli numbers). — For n > 1, the Bernoulli numbers By, are
defined using the generating series

T > z"
1= X By
n=0

Prove that forn >0, B, € Q.
Prove also that for n > 1, we have Bap+1 = 0. For this, we will show that the

function g defined for x € R by

s an even function.
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Ezxercise 8 (Values of the Riemann zeta function at integers)
Use Ezercise 3 to prove that for n > 1, we have

" It 2n
Gt2n) = (-1 5 B,

Deduce that for n > 0, we have

o Bn+1
C(=n) = n+1
To go further. — This implies in particular that 7=2"((2n) € Q for any n > 1.
We know that ((3) ¢ Q. Howewver, it is an open problem whether, forn > 2, {(2n+1)
s a rational number or not.
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