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Exercise Sheet 3

1. Quadratic Gauss sums. Let a and ¢ be integers such that (a,c) = 1. The quadratic
Gauss sum G(a;c) is defined as

Glaie):= Y e (CLZ> .

n mod ¢
Check that G(—a;c) = G(a;c) and G(ab?;c) = G(a;c) for (b,c) = 1, and show that
G(a;cic2) = G(caa;c1)G(cra;¢2) for  (e1,¢2) = 1.

2. The Legendre symbol. Let p be an odd prime. The Legendre symbol is defined as

if n is a quadratic residue mod p and (n,p) =1,
n
<> = 4¢ —1 if n is a quadratic non-residue mod p,

0 ifp|n.

Show that (5) defines a Dirichlet character mod p, and prove that

(5)-60 o s

3. Show that, for (a,p) =1,

o= 5 (2)o(2)

n mod p

4. Mobius transformations. Set

_az+b _[a b I
VE= oy for 7—(6 d)EGL (2,R).

Show that these transformations define a group action of GL*(2,R) on the upper half-
plane H := {z € C : Im(z) > 0}.



5. We set )
O(z) := Z e (an) .

Check that this defines a holomorphic function © : H — C, and show that it satisfies
the transformation laws

where T = (§1) and W = (9 ).

6. Let v = (¢ Z)Nbe a matrix in SL(2,Z) such that ¢ > 0. Prove the following transforma-
tion laws for ©(z):

;2 d ~
G(a2, ), [ _+ O(2) for ¢,b=0mod 2,
ic

O(vz) =

and

O(yz) =G (a. c) 2t d(:)(z) for a,d=0mod 2.

Hints: Write vz as
T ¢ clez+d)
It might be helpful to show first that, for u € R and w € C with Re(w) > 0,

Z e*ﬂw(n+u)2 — i Z 6772%272771‘7“1
Vi |
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7. Let ¢,d > 0, such that ¢ is even and (¢, d) = 1. Prove that

G(—2c;d)  G(d;2c)

d:  2(ic)3

Hint: Use the transformation laws for ©(z).

8. Let b,d be odd integers, and ¢ an integer coprime to bd. Show that
G(e;b%d)  G(c;d)

b2d Vvd

Hint: Use Exercise 7.



10.

The Jacobi symbol. We can extend the Legendre symbol to odd integers by setting

(Z) = g((rlljg for (n,c)=1 and (TZ) =0 for (n,c)>1.

Let ¢ = p1™ - - - pi"* be the prime factorization of c. Prove that

(£)-11G)"

where (ﬂ) is the Legendre symbol defined above. This shows that (:) defines a Dirichlet

Pi c
character mod c.

The law of quadratic reciprocity. Let ¢,d > 1 be odd coprime integers. Prove that

BIGREE

Hint: Use Ezercise 7 to compute G(1;c¢).



