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1. Gamma function. Remember that the Gamma function Γ(s) is defined as

Γ(s) :=
∫ ∞

0
e−tts

dt

t
for Re(s) > 0.

Show that Γ(s) can be continued meromorphically to the whole complex plane by

Γ(s) =
∫ ∞

1
e−tts

dt

t
+
∞∑
n=0

(−1)n

n!(s+ n) ,

and show that it satisfies the functional equation

Γ(s+ 1) = sΓ(s).

2. Prove that
Γ(x) = lim

n→∞
n!nx

x(x+ 1) . . . (x+ n) for x > 0.

Hint: Show first that ∫ 1

0
tx−1(1− t)n dt = n!

x(x+ 1) . . . (x+ n) .

3. Prove that
1

Γ(s) = seγs
∞∏
n=1

(
1 + s

n

)
e−

s
n for s ∈ C,

where γ is the Euler-Mascheroni constant.

4. Euler’s reflection formula. Prove that

Γ(s)Γ(1− s) = π

sin(πs) .
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Hint: Use the formula
sin πs
πs

=
∞∏
n=1

(
1− s2

n2

)
,

which follows from the Hadamard factorization theorem.

5. Legendre duplication formula. Prove that

Γ(s)Γ
(
s+ 1

2

)
=
√
π21−2sΓ(2s).

6. Stirling’s formula for n!. Show that the factorial of n can be approximated by

n! ∼
√

2πnn
n

en
as n→∞.

Hint: We have
n! =

√
n
nn

en

∫ ∞
−
√
n

(
1 + t√

n

)n
e−t
√
n dt.

7. Prove that

log Γ(s) =
(
s− 1

2

)
log s− s+ 1

2 log(2π) +
∫ ∞

0

buc − u+ 1
2

u+ s
du.

Hint: Start by explicitly evaluating the integral∫ N

0

buc − u+ 1
2

u+ s
du.

8. Stirling’s formula for Γ(s). Let ε > 0. Show that Γ(s) can be approximated by

Γ(s) =
√

2πs(s−
1
2 )e−s

(
1 +O

( 1
|s|

))
for | arg s| ≤ π − ε.

9. Let ε > 0. Show that
Γ′(s)
Γ(s) = log s− 1

2s +O
( 1
|s|2

)
for | arg s| ≤ π − ε.

Hint: Use Cauchy’s integral formula.

10. Let σ0, σ1 be real numbers. Show that

|Γ(σ + it)| =
√

2π|t|σ−
1
2 e−

π
2 |t|
(

1 +O
( 1
|t|

))
for σ0 ≤ σ ≤ σ1 and |t| ≥ 1.
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